Balance of linear momentum
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MAY THE FORCE BE

EQUAL TO THE MASS TIMES
ACCELERATION
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The Cauchy equation




dz dx

dy
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dy

F

pressure
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Newton from two points of view:

v -

- -
mpart. dt = F weight + F net, pressure + F net, shear

DV . 1 - 12
—. + — - I'net, pressure T 33,1 'net, shear
Dt o7 qpinene dy et sh

— How can we re-express pressure and shear?



Pressure force:

Back from previous chapters:

1 - .

d_VF net, pressure — —VP
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Eulerian view of Newton

DV . 1 - 12
. + — et pressure T 3,4 net, shear
Ppr = PET qypiiete dy et sh

— OK for pressure, what about shear?
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Shear in the x-direction:

11|44



Good memories from previous chapters
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Aha!

We went from

DV I 1-
. = + —I'net, pressure T -1 'net, shear
to
DV . - L .
Pp; = PE-VPHV-T

This is the Cauchy equation.
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the Cauchy equation

DV . o5
- = — + © Tii
th pg—Vp Tij

Regulates all fluid flows, all the time!
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Now...

Can we eliminate V - 7;; from this equation?

(how can we express the divergent of the shear tensor

7;j as a function of the other fluid properties?)

— Enter Navier and Stokes.
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The Navier-Stokes equation for
incompressible flow

~ ba-dunn ba-dunn ~
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Cauchy

Newton’s 22 Jaw on a field
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Incompressible Navier-Stokes

Cauchy

+

Newtonian fluid
+

incompressible flow
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Newtonian fluid?

Then, the shear towards j on a surface
perpendicular to iis

IR ou;

|7l = lla—]

— take the velocity in your direction,
find its change perpendicular to the plane.
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Shear in the x-direction:

N , u

Txx1 = ﬂgc l Txxa = _,Ugc
1

N u| - N u

7:yx2 - ﬂg} l Tny - _,U@
2

S u| - N ou

sz3—l1£ l szé——llg
3
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Shear in the x-direction:
The net effect, if flow incompressible:
SO 0T  OTyx  OTux
*Tix = + +
ox ay 0z

o) o) (20

= + +
ox ay 0z

B (azu N 0%u N o”?zu)»i
AN AR CE

there has to be a better way to write this!
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the Laplacian

One more impress-your-date tool:

gz
V2A

[
< <V
< <V
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the Laplacian

One more impress-your-date tool:

V2A, V- VA,
VEA = | VA, | = | V-VA,
V2A, V-VA,
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Shear in the x-direction:

and so now:
V-7 = y( ou + ou + 82u>—{
(0x)*  (9y)* (92)*
= ;ﬁzu?
= uVh

Net shear effect is change in space
of change in space of velocity

We made it!
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Three components of shear force

6 : ?ix = /1623
6 . ?iy = ﬂ%zv
V%, = gVPw
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Three components of shear force

V- Ty UV
V-7 V-Ty | = | pv*v
V- Ty, UV

6 : ?1] = ,UVZV
... which leads us to the glorious. ..
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The incompressible
Navier-Stokes equation

acceleration = gravity + pressure + shear

DV

v V2V
Y = pg-Vp+p

Describes all ordinary flow!
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Question

If
0=V-V
DV _ e G ity
R — — +
poy = PE-Tptp

then what is _\7?
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we want the solution, not a solution
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What do we mean by “the” solution?

D .
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What is the trajectory of the ball?
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What is the solution to:
v

“-l i i »

all solutions are:

- ()
Vo + &t
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Question

If
0=V-V
DV _ e G ity
R — — +
poy = PE-Tptp

then what is _\7?
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The incompressible
Navier-Stokes equation

DV _ g p iV
P = PE-Vp+u
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In Cartesian coordinates:

op [ d*u  Pu  u]
- —+pu + +
ox T [(90?2  (9y)?  (92)]

U—+v

u N du du . du
o 77w
Plac ™ aox " Vay " Va2 Pbx

. . 'azv+a2v+azv‘
—tuU—+V—+w—| = - =
Plor ™ Yox ay oz PEY ay ”_(ax)2 (9y)2 " (92)? ]

ow  w  dw  Ow ap [ *w  Pw  Pw]
+ + = - — + + +
P P8 5z T (a2 T (@2 T (027
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Cartesian not working for you?

— tY—+ —— = Ly, —
ot " or r 00 r “ 9z

_ e O 1o ov v 1w 29v v
BERCUNNP I Pl L 2 00?2 R ab  (92)?

av v Vg dV Y av
[ewe o vy | Vrvo e]

[8\/, v, vgav, V5 8vr]

+ + + Vv —

ot " or r 06 r * oz
19p

P8o 30 +H

19 (avg) vp 1Pvy 29w v
r— |-+ = +=—+
ror\ or 2 202 a0 (92)?

+V—=+ —= + Vv —
at  ar r a0 ‘oz

op 19 (ov) 1 %, . %,
= I i A2
P&z~ 5 T H T ar ar 2 (30)*  (9z)>

[avz v, Vg 8vr avz]
p| ==
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The incompressible
Navier-Stokes equation

DV _ s Gps 0
P = PE-Vp+

it’s not the Bernoulli equation

43|44



What then?

Navier-Stokes helps us:

+ understand and quantify the influence of
forces;

» find analytical solutions sometimes (!)

* find numerical solutions.
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