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A1 Notation≡ By deVnition. The ≡ symbol sets the deVnition of the term on its left
(which does not depend on previous equations).̇ (dot above symbol) Time rate: ̇ ≡ ddt . For example, Q̇ is the rate of heat
(in watts) representing a heat quantity Q (in joules) every second.
(bar above symbol) Time-average: A ≡ avg(A) = avg(A+A′). The prime
symbol indicates the instantaneous Wuctuation around the average.Δ Indicates a net diUerence between two values: (ΔX)A→B ≡ XB−XA. Can
be negative.

italics Physical properties (e.g. mass m, temperature T ).
straight subscripts Points in space or in time (temperature TA at point A).

Subscripts “cst” indicate a constant property, “in” indicates “incoming”
and “out” is “outgoing”.
Subscript “av.” indicates “average”.

operators DiUerential d, partial diUerential ), Vnite diUerential � , total (alt.:
substantial) derivative D/Dt (def. eq. 6/7 p. 115), exponential exp x ≡ ex ,
natural logarithm ln x ≡ loge x .

vectors Vectors are written with an arrow. Velocity is V⃗ ≡ (u, v, w), alter-
natively written ui ≡ (u, v, w). The norm of a vector A⃗ (positive or
negative) is |A⃗|, its length (always positive) is ||A⃗||.

vector calculus
Dot product A⃗ ⋅ B⃗ (see §A2.1 p. 247);
Cross product A⃗ ∧ B⃗ (see §A2.2 p. 248);
Gradient ∇⃗A (def. eq. 4/11 p. 77, see also §A3.1 p. 250);
Divergent ∇⃗ ⋅ A⃗ (def. eq. 5/14 p. 95, see also §A3.2 p. 250);
Laplacian ∇⃗2A⃗ (def. eq. 6/38 p. 124, see also §A3.4 p. 251);
Curl ∇⃗ × A⃗ (def. eq. A/32 p. 252, see also §A3.5 p. 252).

units Units are typed in roman (normal) font and colored gray (1 kg). In
sentences units are fully-spelled and conjugated (one hundred watts).
The liter is noted L to increase readability (1 L ≡ 10−3m3). Units in
equations are those from système international (si) unless otherwise
indicated.

numbers The decimal separator is a comma, the decimal exponent is pre-
ceded by a dot, integers are written in groups of three (1,234 ⋅ 103 = 1 234).
Numbers are rounded up as late as possible and never in series. Leading
and trailing zeros are never indicated.
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A2 Vector operations

For a step-by-step revision of those notions and many more, written in a
progressive, nonjudgmental way, with plenty of worked-out exercises, you
can try John Bird’s Higher Engineering Mathematics [15].

A2.1 Vector dot product

The dot productw of two vectors is a number deVned as:a⃗ ⋅ b⃗ = |a⃗| |b⃗| cos � (A/1)

where � is the angle separating the two vectors a⃗ and b⃗.
In this document, the dot product is always written with a median dot (a⃗ ⋅ b⃗),
but in other literature, it is sometimes written with the × symbol. Take care
not to confuse it with the vector cross product (see §A2.2 p. 248).

It can be shown that the dot product of two vectors a⃗{xa, ya, za} and b⃗{xb, yb, zb}
can be quantiVed as: a⃗ ⋅ b⃗ = xaxb + yayb + zazb (A/2)

The dot product of two vectors is the same regardless of the order in which
they are multiplied: a⃗ ⋅ b⃗ = b⃗ ⋅ a⃗ (A/3)

Its is easily shown using eq. (A/1) that:(−→a ⋅ −→−b) = −(a⃗ ⋅ b⃗) (A/4)

Figure A.1: Two vectors a⃗ and b⃗. 247
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A2.2 Vector cross product

The cross productw of two vectors is a vector written as:a⃗ ∧ b⃗ = c⃗ (A/5)

The vector c⃗ is so that:

its length is equal to c = a b sin � (A/6)

its direction is perpendicular to a⃗ and b⃗;
its orientation is so that if b⃗ is positioned at the end of a⃗, then c⃗ points away

from a point from which the rotation generated b⃗ is in the clockwise
direction.

Describing c⃗ requires a third dimension, even if a⃗ et b⃗ have only two dimen-
sions.

In this document, the cross product is written with a wedge symbol (a⃗ ∧ b⃗)
but in the literature, it is often written with the symbol ×. Make sure you do
not confuse it with the dot product (§A2.2 p. 248).

It can be shown that the cross product c⃗ of two vectors a⃗{xa, ya, za} etb⃗{xb, yb, zb} is: c⃗ = |||||||
i⃗ j⃗ k⃗xa ya zaxb yb zb

||||||| (A/7)

So that one obtains:c⃗ = ||||ya zayb zb |||| i⃗ − ||||xa zaxb zb |||| j⃗ + ||||xa yaxb yb |||| k⃗ (A/8)= (yazb − ybza)i⃗ − (xazb − xbza)j⃗ + (xayb − xbya)k⃗ (A/9)

The two vectors a⃗ ∧ b⃗ and b⃗ ∧ a⃗ are pointing away one from the other (Vg. A.3):b⃗ ∧ a⃗ = − (a⃗ ∧ b⃗) (A/10)

Figure A.2: Two vectors a⃗ and b⃗. The vector product a⃗ ∧ b⃗ has length the product of
the lengths b⟂ et a. In the case shown here, the vector c⃗ = a⃗ ∧ b⃗ is going into through
the document plane, going away from the reader.
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Figure A.3: The vectors a⃗ ∧ b⃗ and b⃗ ∧ a⃗ have the same length but are pointing
directions opposite one from the other (the Vrst away from the reader, and the other
towards the reader).

If any vector changes direction, the cross product also changes direction
(Vg. A.4): a⃗ ∧ −→−b = − (a⃗ ∧ b⃗) (A/11)

Figure A.4: The vector a⃗ ∧ −⃗b is pointing away from the vector a⃗ ∧ b⃗. 249



A3 Field operators

Four operators which apply on vector or scalar Velds are important in Wuid
mechanics: gradient, divergent, Laplacian and curl.

A3.1 Gradient

The mathematical operator gradientw (Vrst introduced as eq. 4/11 p. 77) is
written ∇⃗ . It applies on a scalar Veld and produces a vector Veld. It is
deVned as: ∇⃗ ≡ i⃗ ))x + j⃗ ))y + k⃗ ))z (A/12)

∇⃗A ≡ )A)x i⃗ + )A)y j⃗ + )A)z k⃗ = ⎛⎜⎜⎝
)A)x)A)y)A)z

⎞⎟⎟⎠ (A/13)

For example, the gradient of a pressure Veld is the vector Veld ∇⃗p:
∇⃗p ≡ )p)x i⃗ + )p)y j⃗ + )p)z k⃗ = ⎛⎜⎜⎝

)p)x)p)y)p)z
⎞⎟⎟⎠ (A/14)

A3.2 Divergent

The mathematical operator divergentw (Vrst introduced as eq. 5/14 p. 95) is
written ∇⃗⋅ and is deVned as:∇⃗⋅ ≡ ))x i⃗ ⋅ + ))y j⃗ ⋅ + ))z k⃗⋅ (A/15)

When applied on a vector Veld, it produces a scalar Veld:∇⃗ ⋅ A⃗ ≡ ))x i⃗ ⋅ A⃗ + ))y j⃗ ⋅ A⃗ + ))z k⃗ ⋅ A⃗ (A/16)= )Ax)x + )Ay)y + )Az)z (A/17)

When applied on a 2nd order tensor Veld, it produces a vector Veld:

∇⃗ ⋅ A⃗ij ≡ ⎛⎜⎜⎜⎝
)Axx)x + )Ayx)y + )Azx)z)Axy)x + )Ayy)y + )Azy)z)Axz)x + )Ayz)y + )Azz)z

⎞⎟⎟⎟⎠ =
⎛⎜⎜⎜⎝
∇⃗ ⋅ A⃗ix∇⃗ ⋅ A⃗iy∇⃗ ⋅ A⃗iz

⎞⎟⎟⎟⎠ (A/18)

For example, the divergent of a velocity Veld is the scalar Veld ∇⃗ ⋅ V⃗ :∇⃗ ⋅ V⃗ ≡ )u)x + )v)y + )w)z (A/19)
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A3.3 Advective

The advective operator,w (V⃗ ⋅ ∇⃗) is deVned as follows:V⃗ ⋅ ∇⃗ ≡ u ))x + v ))y + w ))z (A/20)

Do not confuse the advective operator with the divergent of velocity, ∇⃗ ⋅ V⃗
(see Appendix A3.2 above, including eq. A/19), which is a scalar Veld.

The advective operator can be applied to a scalar Veld A:
(V⃗ ⋅ ∇⃗)A = u)A)x + v )A)y + w )A)z (A/21)

It can also be applied to a vector Veld A⃗:
(V⃗ ⋅ ∇⃗)A⃗ = u)A⃗)x + v )A⃗)y + w )A⃗)z (A/22)

= ⎛⎜⎜⎜⎝
u )Ax)x + v )Ax)y + w )Ax)zu )Ay)x + v )Ay)y + w )Ay)zu )Az)x + v )Az)y + w )Az)z

⎞⎟⎟⎟⎠ (A/23)

A3.4 Laplacian

The mathematical operator Laplacianww (Vrst introduced as eq. 6/38 p. 124)
is written ∇⃗2 and deVned as: ∇⃗2 ≡ ∇⃗ ⋅ ∇⃗ (A/24)

When applied to a scalar Veld, it is equal to the divergent of the gradient of
the Veld, and produces a scalar Veld:∇⃗2A ≡ ∇⃗ ⋅ ∇⃗A (A/25)= )2A()x)2 + )2A()y)2 + )2A()z)2 (A/26)

When applied to a vector Veld, the general expression uses the curl operator
(we never use this expression in this course), and produces a vector Veld:∇⃗2A⃗ ≡ (∇⃗ ⋅ ∇⃗) A⃗ − ∇⃗ × (∇⃗ × A⃗) (A/27)

In Cartesian coordinates, this simpliVes as:

∇⃗2A⃗ = ≡ ⎛⎜⎜⎝
∇⃗2Ax∇⃗2Ay∇⃗2Az

⎞⎟⎟⎠ =
⎛⎜⎜⎝
∇⃗ ⋅ ∇⃗Ax∇⃗ ⋅ ∇⃗Ay∇⃗ ⋅ ∇⃗Az

⎞⎟⎟⎠ (A/28)

= ⎛⎜⎜⎜⎝
)2Ax()x)2 + )2Ax()y)2 + )2Ax()z)2)2Ay()x)2 + )2Ay()y)2 + )2Ay()z)2)2Az()x)2 + )2Az()y)2 + )2Az()z)2

⎞⎟⎟⎟⎠ (A/29)
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For example, the Laplacian of a velocity Veld is the vector Veld ∇⃗2V⃗ :
∇⃗2V⃗ ≡ ⎛⎜⎜⎝

∇⃗2u∇⃗2v∇⃗2w ⎞⎟⎟⎠ =
⎛⎜⎜⎜⎝

)2u()x)2 + )2u()y)2 + )2u()z)2)2v()x)2 + )2v()y)2 + )2v()z)2)2w()x)2 + )2w()y)2 + )2w()z)2
⎞⎟⎟⎟⎠ (A/30)

A3.5 Curl

The mathematical operator curlw (sometimes named rotational) is written ∇⃗× .
It applies to a vector Veld and produces a vector Veld. It is deVned as:

∇⃗× ≡ |||||||
i⃗ j⃗ k⃗))x ))y ))z

||||||| (A/31)

∇⃗ × A⃗ ≡ |||||||
i⃗ j⃗ k⃗))x ))y ))zAx Ay Az

||||||| = ()Az)y − )Ay)z ) i⃗ + (−)Az)x + )Ax)z ) j⃗ + ()Ay)x − )Ax)y ) k⃗
(A/32)

For example, the curl of velocity is the vector Veld ∇⃗ × V⃗ :
∇⃗ × V⃗ = |||||||

i⃗ j⃗ k⃗))x ))y ))zu v w
||||||| = ()w)y − )v)z ) i⃗ + (−)w)x + )u)z ) j⃗ + ()v)x − )u)y) k⃗

(A/33)
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A4 Derivations of the Bernoulli equation

A4.1 The Bernoulli equation from the energy equation

This is covered in section 2.6 p. 41.

A4.2 The Bernoulli equation from the integral momen-
tum equation

We begin with the integral linear momentum equation (eq. 3/9 p. 56):

F⃗net = ddt ∭CV
�V⃗ d + ∬

CS
�V⃗ (V⃗rel ⋅ n⃗) dA

When considering a Vxed, inVnitely short control volume along a known
streamline s of the Wow, this equation becomes:

dF⃗pressure + dF⃗shear + dF⃗gravity = ddt ∭CV
�V⃗ d + �VAdV⃗

along a streamline, where the velocity V⃗ is aligned (by deVnition) with the streamline.

Now, adding the restrictions of steady Wow ( d/ dt = 0) and no friction ( dF⃗shear =0⃗), we already obtain: dF⃗pressure + dF⃗gravity = �VAdV⃗
The projection of the net force due to gravity dF⃗gravity on the streamline
segment ds has norm dF⃗gravity ⋅ ds⃗ = −g�A dz, while the net force due to
pressure is aligned with the streamline and has norm dFpressure,s = −Adp.
Along this streamline, we thus have the following scalar equation, which we
integrate from points 1 to 2:−Adp − �gA dz = �VAdV−1� dp − g dz = V dV− ∫ 2

1 1� dp − ∫ 2
1 g dz = ∫ 2

1 V dV
The last obstacle is removed when we consider Wows without heat or work
transfer, where, therefore, the density � is constant. In this way, we arrive to
equation. 2/20 p. 42 again:p1� + 12V 21 + gz1 = p2� + 12V 22 + gz2

(p + 12�V 2 + �gz)1 = (p + 12�V 2 + �gz)2
A4.3 The Bernoulli equation from the Navier-Stokes

equation

We start by following a particle along its path in an arbitrary Wow, as dis-
played in Vg. A.5. The particle path is known (condition 5 in §2.6 p. 41), but
its speed V is not. 253



Figure A.5: DiUerent pathlines in an arbitrary Wow. We follow one particle as it
travels from point 1 to point 2. An inVnitesimal path segment is named ds⃗.

Figure CC-0 Olivier Cleynen

We are now going to project every component of the Navier-Stokes equation
(eq. 6/42 p. 125) onto an inVnitesimal portion of trajectory ds⃗. Once all terms
have been projected, the Navier-Stokes equation becomes a scalar equation:

� )V⃗)t + �(V⃗ ⋅ ∇⃗)V⃗ = �g⃗ − ∇⃗p + �∇⃗2V⃗
� )V⃗)t ⋅ ds⃗ + �(V⃗ ⋅ ∇⃗)V⃗ ⋅ ds⃗ = �g⃗ ⋅ ds⃗ − ∇⃗p ⋅ ds⃗ + �∇⃗2V⃗ ⋅ ds⃗

Because the velocity vector V⃗ of the particle, by deVnition, is always aligned
with the path, its projection is always equal to its norm: V⃗ ⋅ ds⃗ = V ds. Also,
the downward gravity g and the upward altitude z have opposite signs, so
that g⃗ ⋅ ds⃗ = −g dz; we thus obtain:

� )V)t ds + � dVds V ds = −�g dz − dpds ds + �∇⃗2V⃗ ⋅ ds⃗
When we restrict ourselves to steady Wow (condition 1 in §2.6), the Vrst
left-hand term vanishes. Neglecting losses to friction (condition 4) alleviates
us from the last right-hand term, and we obtain:

� dVds V ds = −�g dz − dpds ds�V dV = −�g dz − dp
This equation can then be integrated from point 1 to point 2 along the
pathline:

� ∫ 2
1 V dV = − ∫ 2

1 �g dz − ∫ 2
1 dp

When no work or heat transfer occurs (condition 3) and the Wow remains
incompressible (condition 2), the density � remains constant, so that we
indeed have returned to eq. 2/20 p. 42:Δ(12V 2) + gΔz + 1�Δp = 0 (A/34)

(p + 12�V 2 + �gz)1 = (p + 12�V 2 + �gz)2 (A/35)
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Thus, we can see that if we follow a particle along its path, in a steady,
incompressible, frictionless Wow with no heat or work transfer, its change in
kinetic energy is due only to the result of gravity and pressure, in accordance
with the Navier-Stokes equation.
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A5 Flow parameters as force ratios
This topic is well covered in Massey [6]

Instead of the mathematical approach covered in §8.2.2 p. 162, the concept of
Wow parameter can be approached by comparing forces in Wuid Wows.

Fundamentally, understanding the movement of Wuids requires applying
Newton’s second law of motion: the sum of forces which act upon a Wuid
particle is equal to its mass times its acceleration. We have done this in
an aggregated manner with integral analysis (in chapter 3, eq. 3/9 p. 56),
and then in a precise and all-encompassing way with diUerential analysis
(in chapter 6, eq. 6/42 p. 125). With the latter method, we obtain complex
mathematics suitable for numerical implementation, but it remains diXcult
to obtain rapidly a quantitative measure for what is happening in any given
Wow.

In order to obtain this, an engineer or scientist can use force ratios. This
involves comparing the magnitude of a type of force (pressure, viscous,
gravity) either with another type of force, or with the mass-times-acceleration
which a Wuid particle is subjected to as it travels. We are not interested in
the absolute value of the resulting ratios, but rather, in having a measure of
the parameters that inWuence them, and being able to compare them across
experiments.

A5.1 Acceleration vs. viscous forces:
the Reynolds number

The net sum of forces acting on a particle is equal to its mass times its
acceleration. If a representative length for the particle is L, the particle
mass grows proportionally to the product of its density � and its volume L3.
Meanwhile, its acceleration relates how much its velocity V will change over
a time interval Δt : it may be expressed as a ratio ΔV /Δt . In turn, the time
interval Δt may be expressed as the representative length L divided by the
velocity V , so that the acceleration may be represented as proportional to the
ratio VΔV /L. Thus we obtain:|net force| = |mass × acceleration| ∼ �L3VΔVL|F⃗net| ∼ �L2VΔV
We now observe the viscous force acting on a particle: it is proportional
to the shear eUort and a representative acting surface L2. The shear can
be modeled as proportional to the viscosity � and the rate of strain, which
will grow proportionally to ΔV /L. We thus obtain a crude measure for the
magnitude of the shear force:

|viscous force| ∼ �ΔVL L2|F⃗viscous| ∼ �ΔVL
The magnitude of the viscous force can now be compared to the net force:|net force||viscous force| ∼ �L2VΔV�ΔVL = �VL� = [Re] (A/36)
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and we recognize the ratio as the Reynolds number (8/12 p. 164). We thus see
that the Reynolds number can be interpreted as the inverse of the inWuence
of viscosity. The larger [Re] is, and the smaller the inWuence of the viscous
forces will be on the trajectory of Wuid particles.

A5.2 Acceleration vs. gravity force: the Froude number

The weight of a Wuid particle is equal to its mass, which grows with �L3,
multiplied by gravity g: |weight force| = |F⃗W| ∼ �L3g
The magnitude of this force can now be compared to the net force:|net force||weight force| ∼ �L2V 2�L3g = V 2Lg = [Fr]2 (A/37)

and here we recognize the square of the Froude number (8/11 p. 164). We thus
see that the Froude number can be interpreted as the inverse of the inWuence
of weight on the Wow. The larger [Fr] is, and the smaller the inWuence of
gravity will be on the trajectory of Wuid particles.

A5.3 Acceleration vs. elastic forces: the Mach number

In some Wows called compressible Wows the Wuid can perform work on itself,
and and the Wuid particles then store and retrieve energy in the form of
changes in their own volume. In such cases, Wuid particles are subject to
an elastic force in addition to the other forces. We can model the pressure
resulting from this force as proportional to the bulk modulus of elasticity K
of the Wuid (formally deVned as K ≡ � )p/)�); the elastic force can therefore
be modeled as proportional to KL2:|elasticity force| = |F⃗elastic| ∼ KL2
The magnitude of this force can now be compared to the net force:|net force||elasticity force| ∼ �L2V 2KL2 = �V 2K
This ratio is known as the Cauchy number; it is not immediately useful
because the value of K in a given Wuid varies considerably not only according
to temperature, but also according to the type of compression undergone by
the Wuid: for example, it grows strongly during brutal compressions.

During isentropic compressions and expansions (isentropic meaning that the
process is fully reversible, i.e. without losses to friction, and adiabatic, i.e.
without heat transfer), it can be shown that the bulk modulus of elasticity is
proportional to the square of the speed of sound c:K|reversible = c2� (A/38)

The Cauchy number calibrated for isentropic evolutions is then|net force||elasticity force|reversible ∼ �V 2K = V 2c2 = [Ma]2 (A/39)
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and here we recognize the square of the Mach number (1/10 p. 16). We thus
see that the Mach number can be interpreted as the inWuence of elasticity on
the Wow. The larger [Ma] is, and the smaller the inWuence of elastic forces
will be on the trajectory of Wuid particles.

A5.4 Other force ratios

The same method can be applied to reach the deVnitions for the Strouhal and
Euler numbers given in §8.2 p. 161. Other numbers can also be used which
relate forces that we have ignored in our study of Wuid mechanics. For exam-
ple, the relative importance of surface tension forces or of electromagnetic
forces are quantiVed using similarly-constructed Wow parameters.
In some applications featuring rotative motion, such as Wows in centrifugal
pumps or planetary-scale atmospheric weather, it may be convenient to ap-
ply Newton’s second law in a rotating reference frame. This results in the
appearance of new reference-frame forces, such as the Coriolis or centrifugal
forces; their inWuence can then be studied using additional Wow parameters.

In none of those cases can Wow parameters give enough information to predict
solutions. They do, however, provide quantitative data to indicate which
forces are relevant in which places: this not only helps us understand the
mechanisms at work, but also distinguish the negligible from the inWuential,
a key characteristic of eXcient scientiVc and engineering work.
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A6 Details of the winter 2020-2021 Vnal
examination (updated February 2021)

Video: The companion video to
this exam brieVng (2020)

by Olivier Cleynen (CC-by)
https://youtu.be/6vnK7-VsKXc

The Vnal examination for this course in the winter semester 2020-2021 is an
open-book, take-home exam which will take place on February 18, 2021
from 14:00 to 16:00. The most important information is as follows:

• This is a take-home exam: you may consult your notes, books, use
software and resources oYine or online.

• You must take this exam alone: you cannot interact with anyone online
or oYine during the exam.

• The exam lasts 90 minutes. Additionally, 30 minutes are provided for
the the scanning and upload of your answer.

• You will receive the assignment per email shortly before the start. You
must scan your answer with your student card on each page, and send
it as a single-PDF Vle to Wuidmech@ovgu.de using your academic email
before the end of the exam.

• In the winter semester, this online examination grade is the only grade
you receive in this course.

You can download the template of the exam at
https://Wuidmech.ninja/exams/exam_20210218_template.pdf.

Video: How to survive the exam-
ination (2020)

by Olivier Cleynen (CC-by)
https://youtu.be/GD0l_5XqVoc

The complete list of examinable problems (unchanged from the 2020 exam)
is as follows:

• 2.2 2.3 2.4 2.5 2.6

• 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9

• 4.4 4.5 4.61 4.7

• 5.2 5.3 5.4 5.5 5.6

• 6.2 6.3 6.4 6.5 6.6 6.7 6.9

• 7.3 7.4 7.5 7.6 7.7 7.8

• 8.2 8.4 8.5

• Chapter 9 is not examinable this semester

• 10.2 10.3 10.4 10.5 10.6

• Chapter 11 is not examinable this semester

Three problems will be given, all mandatory. The Vrst problem (10 pts is
exercise 6.2 p.131. The two other problems (45 pts each) are extracted from
the list above, and modiVed slightly. Typically, the input data is changed, as
well as the problem geometry. The method for solving the problems remains
the same.

A formula sheet is provided. It is the sum of the preambles of every problem
sheet in the lecture notes. It includes the Moody diagram and the viscosity

1In exercise 4.6, only the calculation of the vertical force Ftop is examinable. 259
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diagram used in the problem sheets. You should deVnitely have a calculator
with you, to facilitate calculations.

The criteria for grading your answers are:

• You must show your work in all answers;

• Answers to questions starting with “show that” should be particularly
well-developed and continuous;

• Illegible or ambiguous answers are always discarded.

Examinations from previous years, and their full solution, are available on
the course website (https://Wuidmech.ninja/). Since the course content has
changed over time, you might Vnd a few diUerences:

• Problems involving calculating compressible air Wow using tables are
no longer examinable;

• A problem involving a ball fountain (“Kugel fountain”) is no longer
examinable;

• Viscosity values were read in a diUerent diagram, and may not match
values read in the 2020 viscosity diagram.

You are welcome (and in fact encouraged!) to ask me questions of all sorts
about the exam. You may contact me as described in the introduction, page 7.
I wish you to have productive and joyful revisions!

Olivier
February 2021
(updated February 12, after cancellations following covid-19 restrictions)
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A7 Example of previous examinations

The following pages present the Vnal examinations for this course in 2020
and 2021, and their full solutions.
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Fluid
M
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exam
ination

—
July

11,2019

Fluid
M
echanics

for
M
aster

Students

Solve
problem

1,plus
three

other
problem

s
am

ong
problem

s
2
to

6.

D
uration:2h

–
U
se

ofcalculator
is
authorized;docum

ents
are

notauthorized.

Exceptotherw
ise

indicated,w
e
assum

e
that:

Fluids
are

N
ew

tonian

T
he

atm
osphere

hasp
atm

. =1bar;�
atm

. =1,225kgm −3;T
atm

. =11,3 ◦C
;�atm

. =1,5⋅10 −5Pas
A
ir
behaves

as
a
perfectgas:R

air =287Jkg −1K −1;

air =1,4;cp

air =1005Jkg −1K −1;cv
air =718Jkg −1K −1

Liquid
w
ater

is
incom

pressible:�
w
ater =1000kgm −3,cp

w
ater =4180Jkg −1K −1

B
alance

ofm
ass

in
a
considered

volum
e
w
ith

steady
Wow

:

0=Σ[ �V⟂ A]incom
ing +Σ[ �V⟂ A]outgoing

(1)

w
hereV⟂

is
negative

inw
ards,positive

outw
ards.

B
alance

ofm
om

entum
in

a
considered

volum
e
w
ith

steady
Wow

:

F⃗
neton

Wuid =Σ[ �V⟂ AV⃗]
incom

ing +Σ[ �V⟂ AV⃗]
outgoing

(2)

w
hereV⟂

is
negative

inw
ards,positive

outw
ards.

B
alance

ofenergy
in

a
considered

volum
e
w
ith

steady
Wow

:

Q̇
net +Ẇ

shaft,net =Σ[ ṁ( i+ p� + 12 V 2+gz)]
in

+Σ[ ṁ( i+ p� + 12 V 2+gz)]
out

(3)

w
hereṁ

is
negative

inw
ards,positive

outw
ards.

M
ass

balance
through

an
arbitrary

volum
e:

0= ddt ∭
C
V �d+∬

C
S �(V⃗

rel ⋅n⃗)dA
(4)

M
om

entum
balance

through
an

arbitrary
volum

e:

F⃗
net = ddt ∭

C
V �V⃗d+∬

C
S �V⃗(V⃗

rel ⋅n⃗)dA
(5)

A
ngular

m
om

entum
balance

through
an

arbitrary
volum

e:

M⃗
net,X = ddt ∭

C
V r⃗Xm ∧�V⃗d+∬

C
S r⃗Xm ∧�(V⃗

rel ⋅n⃗)V⃗dA
(6)

1

C
ontinuity

equation
for

incom
pressible

Wow
:

∇⃗⋅V⃗=0
(7)

N
avier-Stokes

equation
for

incom
pressible

Wow
:

� DV⃗Dt =�g⃗−∇⃗p+�∇⃗ 2V⃗
(8)

In
a
highly-viscous

(creeping)steady
Wow

,the
dragFD

exerted
on

a
sphericalbody

of
diam

eterD
atby

Wow
atvelocityV∞

is
quantiVed

as:

FD
sphere =3��V∞ D

(9)

In
cylindricalpipe

Wow
,w

e
assum

e
the

Wow
is
alw

ays
lam

inar
for

[R
e ]D

.2300,
and

alw
ays

turbulentfor
[R
e ]D

&4000.T
he

D
arcy

friction
factorf

is
deVned

as:

f≡ |Δp
loss |LD 12 �V 2av.

(10)

T
he

loss
coeX

cientKL
is
deVned

as:KL ≡ |Δp
loss |12 �V 2av.

(11)

V
iscosities

of
various

Wuids
are

given
in
V
g.1.Pressure

losses
in

cylindricalpipes
can

be
calculated

w
ith

the
help

ofthe
M
oody

diagram
presented

in
Vg.2

p.4.

N
on-dim

ensionalincom
pressible

N
avier-Stokes

equation:

[St ] )V⃗ ∗)t ∗ +[1]V⃗ ∗⋅∇⃗ ∗V⃗ ∗= 1[Fr ] 2 g⃗ ∗−
[Eu ]∇⃗ ∗p ∗+ 1[R

e ] ∇⃗ ∗2V⃗ ∗
(12)

in
w
hich

[St ]≡ fLV
,
[Eu ]≡ p0 −p∞�V 2

,
[Fr ]≡ V√gL

and
[R
e ]≡ �VL�

.

T
he

force
coeX

cientCF
and

pow
er

coeX
cientC

P
are

deVned
as:

CF ≡ F12 �SV 2
C
P ≡ Ẇ12 �SV 3

(13)

T
he

speed
ofsoundc

in
air

is
m
odeled

as:

c= √
RT
(14)

2



In
boundary

layer
Wow

,w
e
assum

e
thattransition

occurs
at [R

e ]x
&5⋅10 5.

T
he

w
allshear

coeX
cientcf ,a

function
ofdistancex,

is
deVned

based
on

the
free-stream

Wow
velocityU

:

cf(x) ≡ �
w
all

12 �U 2
(15)

Exactsolutions
to

the
lam

inar
boundary

layer
along

a
sm

ooth
surface

yield:

�x = 4,91√[R
e ]x

� ∗x = 1,72√[R
e ]x

(16)

� ∗∗x = 0,664√[R
e ]x

cf(x) = 0,664√[R
e ]x

(17)

Solutions
to

the
turbulentboundary

layer
along

a
sm

ooth
surface

yield
the

follow
ing

tim
e-averaged

characteristics:

�x ≈ 0,16[R
e ] 17x

� ∗x ≈ 0,02[R
e ] 17x

(18)

� ∗∗x ≈ 0,016[R
e ] 17x

cf(x) ≈ 0,027[R
e ] 17x

(19)

In
a
highly-viscous

(creeping)steady
Wow

,the
dragF

D
exerted

on
a
sphericalbody

of
diam

eterD
atby

Wow
atvelocityU∞

is
quantiVed

as:

F
D
sphere =3��U∞ D

(20)

Figure
1
–
V
iscosity

ofvarious
Wuids

ata
pressure

of1bar
(in

practice
viscosity

is
alm

ostindependentof
pressure).

Figure
©
W
hite

2008

3

Figure
2
–
A
M
oody

diagram
,w

hich
presents

values
forf

m
easured

experim
entally,as

a
function

ofthe
diam

eter-based
R
eynolds

num
ber

[R
e ]D

,for
diU

erentrelative
roughness

values.
D
iagram

C
C
-by-sa

S
B
eck

and
R
C
ollins,U

niversity
ofSheX

eld
4



Solve
problem

1,

and
three

other
problem

s
am

ong
problem

s
2
to

6.

T
he

follow
ing

m
arking

guidelines
w
illbe

used:

•
A
nsw

ers
to

questions
starting

w
ith

“show
that”

should
be

fully-developed
and

continuous;

•
In

allother
questions,the

correctresultw
ith

the
correctunitis

enough
to

obtain
fullpoints;

•
Illegible

or
am

biguous
answ

ers
are

alw
ays

discarded.

5

1
G
overning

equation

1.1.
[5pts]

W
rite

outequation
(8),the

N
avier-Stokes

equation
for

incom
pressible

Wow
,

in
its

fully-developed
form

in
three

C
artesian

coordinates.

1.2.
[5pts]

W
rite

outequation
(7),the

continuity
equation

for
incom

pressible
Wow

,in

its
fully-developed

form
in

three
C
artesian

coordinates.

2
O
bservation

w
indow

in
a
w
ater

tank

A
w
ater

tank
used

in
a
laboratory

is
V
lled

w
ith

stationary
w
ater

(V
g.3).

A
w
indow

is

installed
on

one
ofthe

w
alls

ofthe
canal,to

enable
observation.T

he
w
indow

is
hinged

on
its

top
face.

T
he

w
indow

has
a
heightof1,5m

and
a
w
idth

of3,5m
.T

he
w
alls

ofthe
tank

are
inclined

w
ith

an
angle�=70°relative

to
horizontal.

Figure
3
–
A
door

installed
on

the
w
allofa

w
ater

tank.

2.1.
[15pts]

W
hatis

the
m
agnitude

ofthe
netforce

applying
on

the
tank

w
indow

?

2.2.
[10pts]

A
tw

hatdistance
aw

ay
from

the
hinge

does
this

force
apply?

W
ater

is
added

to
the

tank,so
thatthe

w
ater

levelincreases.

2.3.
[5pts]

H
ow

w
illthe

distance
calculated

above
change

as
w
ater

is
added?

(brieWy

justify
your

answ
er,e.g.in

30
w
ords

or
less)

6



3
Piping

leading
to

a
turbine

A
pipe

leads
w
ater

from
one

reservoir
to

a
turbine,

w
hich

discharges
into

another

reservoir,as
show

n
in
Vgure

4.

Figure
4
–
Layoutofthe

w
ater

pipe.For
clarity,in

this
Vgure,the

verticalscale
is
greatly

exaggerated.In
the

verticalscale,the
diam

eter
ofthe

pipe
is
also

greatly
exaggerated.

T
he

pipe
is
m
ade

ofcoarse
concrete

(roughness0,25mm
)and

carries800Ls −1
ofw

ater

at20 ◦C
.Ithas

a
diam

eter
of1,1m

and
features

four
elbow

bends
w
ith

sharp
angles,each

inducing
a
loss

coeX
cientKL

of0,75.
3.1.

[10pts]
R
epresentqualitatively

(i.e.w
ithoutnum

ericaldata)the
pressure

distribu-

tion
along

the
length

ofthe
pipe,both

w
hen

the
turbine

is
shutdow

n
(w

ithoutany

Wow
),and

w
hen

itis
operating.

3.2.
[15pts]

W
hatis

the
hydraulic

pow
er

available
to

the
turbine?

T
he

outlettank
on

the
rightis

very
large,so

thatits
w
ater

leveldoes
notvary.T

he
source

w
ater

tank
on

the
left,how

ever,sees
its

heightdecrease
as

the
w
ater

is
em

ptied
through

the
turbine.U

ltim
ately,as

the
w
ater

leveldecreases,the
w
ater

stops
Wow

ing
entirely.

3.3.
[5pts]

W
hen

the
w
ater

stops
Wow

ing,w
hatw

illbe
the

heightofthe
w
ater

levelin

the
source

tank
on

the
left?

7

4
B
oundary

layer
on

a
Watplate

A
thin

and
sm

ooth
plate

w
ith

w
idthW=0,6m

and
lengthL=2m

is
placed

w
ith

a

zero
angle

ofattack
in

atm
ospheric

air
Wow

incom
ing

at21ms −1,as
show

n
in
V
gure

5.

W
e
w
ould

like
to

study
the

shear
exerted

by
the

Wow
over

the
top

surface
ofthe

plate.

Figure
5
–
A
thin

plate
positioned

parallelto
an

incom
ing

uniform
Wow

.
Figure

C
C
-0
o.c.

4.1.
[5pts]

A
tw

hatdistancex
tr. along

the
plate,approxim

ately,w
illthe

boundary
layer

transitand
becom

e
turbulent?

4.2.
[10pts]

Starting
from

equation
(21),w

hich
quantiV

es
the

friction
factorcf

(see

deVnition
15)in

a
lam

inar
boundary

layer,

cf(x) = 0,664√[R
e ]x

(21)

show
thatthe

shear
forceF�

lam
inar exerted

in
the

lam
inar

section
ofthe

boundary

layer
is:

F�
lam

inar =0,664 √��U 32Wx 12tr.
(22)

4.3.
[5pts]W

hatis
the

shear
force

exerted
on

the
top

surface
ofthe

plate
by

the
lam

inar

section
ofthe

boundary
layer?

4.4.
[5pts]

W
hat

is
the

shear
force

exerted
on

the
top

surface
of

the
plate

by
the

turbulentsection
ofthe

boundary
layer?

4.5.
[5pts]

W
ould

the
boundary

layer
becom

e
thicker

if
the

velocity
w
as

increased?

(brieWy
justify

your
answ

er,e.g.in
30

w
ords

or
less).

8



5
V
elocity

m
easurem

ents
in

a
tunnel

A
group

ofstudents
proceeds

w
ith

speed
m
easurem

ents
in

a
w
ater

tunnel.T
he

objective

is
to

m
easure

the
drag

applying
on

a
an

object
w
ith

constant
cross-section,positioned

across
the

tunneltestsection
(Vg.6).

Figure
6
–
A
n
object

w
ith

constant
cross-section

positioned
across

a
w
ater

tunnel.
T
he

object
spans

com
pletely

across
the

tunnel
(in

thez-direction).
T
he

horizontal
velocity

distributions
upstream

and
dow

nstream
ofthe

proVle
are

also
show

n.
Figure

C
C
-0
o.c.

U
pstream

ofthe
object,the

w
ater

Wow
velocity

is
uniform

(u1 =U=3,2ms −1).
D
ow

nstream
ofthe

object,horizontalvelocity
m
easurem

ents
are

m
ade

every5cm
across

the
Wow

;the
follow

ing
results

are
obtained:

verticalpositiony
(cm

)
horizontalspeedu2

(ms −1)
0

3,2
5

3,2
10

3,15
15

3,14
20

3,03
25

2,92
30

2,81
35

2,87
40

2,89
45

2,97
50

3,19
55

3,2
60

3,2
9

T
he

w
idth

ofthe
proVle

(perpendicular
to

the
Wow

,in
thez-direction)is70cm

.T
he

w
ater

has
uniform

tem
perature

and
density

(20 ◦C
,999kgm −3)

and
the

pressure
is
uniform

across
the

m
easurem

entsurface.

5.1.
[20pts]

W
hatis

the
drag

force
applying

on
the

proVle?

5.2.
[10pts]

Ifw
ater

w
as

replaced
w
ith

a
Wuid

w
ith

higher
viscosity,how

w
ould

you

expect
the

drag
force

to
change?

(brieWy
justify

your
answ

er,e.g.in
30

w
ords

or

less)

6
Liftand

drag
on

a
rotating

football

A
group

of
Wuid

dynam
icists

investigates
the

air
Wow

around
a
football.

In
particular,

they
are

interested
in

the
forces

applying
on

the
ball

w
hen

it
has

been
kicked

and
is

Wying
through

the
air.T

he
footballhas

diam
eter22cm

,a
w
eightof430g;itis

traveling

at70kmh −1.
In

order
to

observe
the

Wow
,they

installa
steelsphere

in
a
w
ind

tunnel(Vgure
7).T

he

sphere
has

a
diam

eter
of1,1m

.D
rag

force
m
easurem

ents
are

carried
outin

the
tunnel.

Figure
7
–
A
steelsphere

positioned
in

a
w
ind

tunnel.T
he

sphere
is
m
aintained

stationary,w
hile

the
air

travels
w
ith

speedV
tunnel .Force

m
easurem

ents
are

carried
outon

the
ball.

Figure
C
C
-0
o.c.

10



6.1.
[5pts]

W
hat

is
the

w
ind

tunnelspeed
required,so

that
the

Wow
around

the
real

footballis
reproduced

around
the

sphere
in

the
tunnel?

6.2.
[5pts]

W
ith

the
speed

calculated
above,by

w
hich

factor
should

the
drag

force

m
easured

in
the

w
ind

tunnelbe
m
ultiplied,in

order
to

obtain
the

drag
force

on
the

realfootball?

T
he

Wuid
dynam

icists
now

investigate
the

eU
ectofspin

on
the

ball.W
hen

the
football

is
rotated

along
a
horizontalaxis

during
travel,a

lift
force

exerts
laterally

on
the

ball,

curving
its

trajectory.T
his

is
represented,from

above,in
Vgure

8.

In
order

to
quantify

this
eU

ect,the
w
ind

tunnelsphere
is
rotated

in
the

w
ind

tunnel,and

m
easurem

ents
are

carried
out;the

results
are

plotted
in
Vgure

9.

Figure
8
–
Trajectory

ofa
rotating

footballin
free

Wight,as
seen

from
above.A

liftforce
exerts

tow
ards

the
left,and

deviates
the

trajectory
tow

ards
the

left.
Figure

C
C
-0
o.c.

11

Figure
9
–
Experim

entalm
easurem

ents
ofthe

liftand
drag

coeX
cients

applying
on

a
rotating

sphere
in

an
steady

uniform
Wow

.
Figure

©
from

M
unson

&
al.2013

6.3.
[10pts]

H
ow

m
any

rotations
per

second
are

required
in

order
to

generate
a
lift

force
of3,1N

on
the

realfootballw
hen

ittravels?

6.4.
[5pts]

W
hatis

then
the

corresponding
drag

force
?

6.5.
[5pts]

Propose
and

quantify
one

possibility
for

the
footballplayer

to
double

the

liftforce
applying

on
the

ball.

12



Solution:Fluid
M
echanics

exam
ination

—
July

11,2019

Fluid
M
echanics

for
M
aster

Students

Wuidm
ech.ninja

1
G
overning

equation

1.1
N
-S

equation
question

�[ )u)t +u )u)x +v )u)y +w )u)z ] =�gx − )p)x +�[ ) 2u()x) 2 + ) 2u()y) 2 + ) 2u()z) 2]
(1)

�[ )v)t +u )v)x +v )v)y +w )v)z ] =�gy − )p)y +�[ ) 2v()x) 2 + ) 2v()y) 2 + ) 2v()z) 2]
(2)

�[ )w)t +u )w)x +v )w)y +w )w)z ] =�gz − )p)z +�[ ) 2w()x) 2 + ) 2w()y) 2 + ) 2w()z) 2]
(3)

1.2
C
ontinuity

question)u)x + )v)y + )w)z =0
(4)

1

2
O
bservation

w
indow

in
a
w
ater

tank

2.1
N
etforce

W
e
deVne

coordinatesr
andz,and

the
lengthL1 ,as

show
n
in

the
Vgure

below
.

T
he

force
on

a
sm

allsection
ofdoor

w
ith

lengthdr
and

w
idthW

isdF
.O

n
the

com
plete

door,the
force

applying
due

to
the

netpressurep
net ofw

ater
and

air
is:

F
net =∫ r=R

m
ax

r=0 dF
(5)

=∫ r=R
m
ax

r=0 p
net dS

(6)

=∫ r=R
m
ax

r=0 p
net Wdr

(7)

=∫ r=R
m
ax

r=0 �gzWdr
(8)

A
coordinate

transform
is
needed

to
solve

the
integral,expressingz

as
a
function

ofR
.

T
his

is
obtained

by
geom

etry:z=Z
m
in +rsin�

(9)

2



Inserting
eq.9

into
eq.8,w

e
continue

w
ith:

F
net =∫ r=R

m
ax

r=0 �g(Z
m
in +rsin�)Wdr

(10)

=�gW∫ r=R
m
ax

r=0 (Z
m
in +rsin�)dr

(11)

=�gW∫ r=R
m
ax

r=0 (L1 sin�+rsin�)dr
(12)

=�gWsin�[ L1 r+ 12 r 2] r=R
m
ax

r=0
(13)

=�gWsin�( L1 R
m
ax +0,5R

m
ax 2)

(14)

=10 3×9,81×3,5×sin(70°)( 0,8×1,5+0,5×1,5 2)
(15)

=75014N
(16)

F
net =75,01kN

(17)

2.2
D
istance

from
hinge

W
e
Vrstcalculate

the
m
om

entexerting
aboutthe

hinge
due

to
the

netpressure
ofair

and

w
ater,using

the
sam

e
notation

as
above:

M
net =∫ r=R

m
ax

r=0 rdF
(18)

=∫ r=R
m
ax

r=0 r�gzWdr
(19)

=∫ r=R
m
ax

r=0 r�g(Z
m
in +rsin�)Wdr

(20)

=�gW∫ r=R
m
ax

r=0 r(L1 sin�+rsin�)dr
(21)

=�gWsin�[ 12 L1 r 2+ 13 r 3] r=R
m
ax

r=0
(22)

=10 3×9,81×3,5×sin(70°)( 0,5×0,8×1,5 2+ 13 ×1,5 3)
(23)

=65335Nm
(24)

M
net =65,34kNm

(25)

T
he

distance
aw

ay
from

the
hingeRF

is
obtained

by
dividing

the
m
om

entby
the

force:

RF = M
net

F
net

(26)

= 7501465335
(27)

RF =0,87m
(28)

3

2.3
C
hange

in
distance

Increasing
w
ater

heighttranslates
(only)in

an
increase

ofthe
value

ofL1
in

the
equations

above.B
othM

net andF
net increase

together
w
ithL1

(eqs.14
&
22),so

itis
notim

m
ediately

apparenthowRF
changes

in
eq.26.

Severalpossibilities
can

be
used

to
Vnd

the
answ

er:

•
SubstitutingxL1

instead
ofL1

and
com

paring
the

tw
o
radiuses,one

can
w
rite:

RF2 <RF1
(29)

12 xL1 R 2m
ax + 13 R 3m

ax

xL1 R
m
ax + 12 R 2m

ax < 12 L1 R 2m
ax + 13 R 3m

ax

L1 R
m
ax + 12 R 2m

ax
(30)

1<x
(31)

(itis
even

possible
to

show
,using

this
equation

30,thatRF
tends

tow
ardsR

m
ax /2

as

L1
increases);

•
It
is
possible

to
observe

graphically
that

the
center

of
application

of
the

force

m
oves

closer
to

the
hinge

w
hen

the
netpressure

distribution
is
changed

due
to

the

increase
inL1 ;

•
Itis

also
possible

to
calculate

m
anually

one
or

severalnew
values

forRF ;
A
llthose

m
ethods

w
illprovide

som
e
evidence

thatthe
distanceRF

w
illin

factdecrease

w
henL1

is
increased.
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3
Piping

leading
to

a
turbine

3.1
Pressure

distribution

3.2
Turbine

pow
er

W
e
w
antto

calculate
three

pressure
drops:

•
Pressure

drop
due

to
w
allfriction

losses
along

the
pipe,Δpf :T

he
average

velocity

in
the

pipe
is

V
av. = ̇S

(32)

=
̇� D 24

(33)

= 0,8�× 1,1 24
(34)

V
av. =0,842ms −1

(35)

5

T
he

R
eynolds

num
ber

is

[R
e ]D = �V

av. D�
(36)

= 10 3×0,842×1,1
10 −5

(37)

[R
e ]D =9,251⋅10 5

(38)

T
he

relative
roughness

is

�D = 0,25⋅10 −31,1
(39)

�D =2,27⋅10 −4
(40)

W
ith

those
values,the

M
oody

diagram
reads:

f=0,0158
(41)

Finally,the
w
allfriction

losses
along

the
pipe

are
calculated

as:

Δpf =−f 12 �V 2av. LD
(42)

=−0,0158 12 10 30,842 2 4⋅10 31,1
(43)

Δpf =−2,03⋅10 4Pa
(44)

•
Pressure

drop
due

to
losses

in
the

four
bends,Δp

bends :

Δp
bends =−4×KL 12 �V 2av.

(45)

=−4×0,75× 12 ×10 3×0,842 2
(46)

Δp
bends =−1,06⋅10 3Pa

(47)

•
Pressure

drop
due

to
hydrostatic

pressure
change

across
the

turbine,Δpℎ :
Δpℎ =�g(Δz)

(48)

=10 3×9,81[ 4−(25+51)]
(49)

Δpℎ =−7,06⋅10 5Pa
(50)

6



Finally,the
turbine

hydraulic
pow

er
is
obtained

as:

Ẇ
turbine =̇(Δp

turbine )
(51)

=̇( Δpℎ −Δpf −Δp
bends)

(52)

=0,8×[ −7,06⋅10 5−(−2,03⋅10 4)−(−1,06⋅10 −3)]
(53)

=−5,479⋅10 5W
(54)

Ẇ
turbine =−547,9kW

(55)

3.3
R
esidualw

ater
height

T
he

w
ater

w
illWow

untilair
is
entrained

(“sucked”)into
the

pipe
inlet.A

tthis
point,the

residualw
ater

heightin
the

lefttank
w
illbe8m

.

7

4
B
oundary

layer
on

a
Watplate

4.1
Transition

point

T
he

transition
pointoccurs

at [R
e ]x ≈5⋅10 5.Solving

forx
tr. ,w

e
have:

[R
e ]xtr. = �Ux

tr.

�
(56)

x
tr. =

[R
e ]xtr. ��U

(57)

= 5⋅10 5×1,5⋅10 −5
1,225×21

(58)

x
tr. =0,29m

(59)

4.2
Shear

in
lam

inar
section

W
e
startw

ith
the

given
equation

and
im

plem
entthe

deVnition
(15)ofthe

form
ula

sheet,

as
w
ellas

the
deVnition

ofthe
distance-based

R
eynolds

num
ber

[R
e ]x :

cf(x) = 0,664√[R
e ]x

(60)

�
w
all,lam

inar
12 �U 2 = 0,664√�Ux�

(61)

�
w
all,lam

inar =0,664( �Ux� ) − 1212 �U 2
(62)

�
w
all,lam

inar =0,332 √��U 1,5x − 12
(63)

T
he

shear
force

is
the

integralofthe
shear

w
ith

respectto
area:

F
shear,lam

inar =∫ �
w
all,lam

inar dS
(64)

W
e
splitthe

totalarea
covered

by
the

lam
inar

boundary
layer

in
strips

ofw
idthW

and

lengthdx,w
ithx

ranging
from

0
(leading

edge)
tox

tr. (w
here

the
lam

inar
part

of
the

8



boundary
ends),obtaining:

F
shear,lam

inar =∫ x=x
tr.

x=0 �
w
all Wdx

(65)

=∫ x=x
tr.

x=0 0,332 √��U 1,5x − 12Wdx
(66)

=0,332 √��U 1,5W∫ x
tr.

0 x −0,5dx
(67)

=0,332 √��U 1,5W[ 1−0,5+1 x −0,5+1] x
tr.

0
(68)

=0,332 √��U 1,5W2x 0,5tr.
(69)

F�
lam

inar =0,664 √��U 32Wx 12tr.
(70)

4.3
Value

ofshear
in

the
lam

inar
section

W
e
sim

ply
insertvalues

into
eq.70:

F�
lam

inar =0,664 √1,225×1,5⋅10 −521 32×0,6×0,292 12
(71)

F�
lam

inar =0,0887N
(72)

4.4
Shear

in
turbulentsection

T
he

process
is
the

sam
e
in

the
turbulentpartofthe

layer,w
ith�

w
all,turbulent derived

from

equation
(19)in

the
form

ula
sheet:

�
w
all,turbulent =0,027 12 �U 2( �U� ) − 17x − 17

(73)

T
his

is
integrated

w
ith

respect
to

area,w
ithx

ranging
fromx

tr. (w
here

the
turbulent

section
begins)tox

m
ax
(the

trailing
edge

ofthe
plate):

F
shear,turbulent =∫ x=x

m
ax

x=x
tr. �

w
all Wdx

(74)

=0,0135� 67U 137� 17W∫ x
m
ax

x
tr. x − 17dx

(75)

=0,01575� 67U 137� 17W[ x 67] x
m
ax

x
tr.

(76)

=0,01575×1,225 67×21 137×(1,5⋅10 −5) 17×0,6×( 2 67−0,292 67)
(77)

F
shear,turbulent =0,961N

(78)

9

4.5
Thickness

M
odels

for
the

boundary
layer

thickness
are

given
in

the
form

ula
sheetas

equations
16

and
18

for�
(one

for
the

lam
inar

section,the
other

for
the

turbulentsection).In
both,the

R
eynolds

num
ber

[R
e ]x

appears
in

the
denom

inator
(the

low
er

partofthe
fraction).A

s

U
is
increased, [R

e ]x
w
illincrease

too,and
consequently,the

thickness
ofthe

boundary

layer
w
illdecrease.

10



5
V
elocity

m
easurem

ents
in

a
tunnel

5.1
D
rag

force

W
e
build

a
controlvolum

e
around

the
object:

W
e
use

a
m
ass

balance
equation

to
quantify

the
heightℎ1

ofthe
inlet:

0= ddt ∭
C
V �d+∬

C
S �(V⃗

rel ⋅n⃗)dA
(79)

=−∬ �|V
in |dA+∬ �|V

out |dA
(80)

=−�L∫ ℎ10 Udy+�L∫ ℎ20 u2(y) dy
(81)

=−�LUℎ1 +�L∫ ℎ20 u2(y) dy
(82)

ℎ1 = 1U ∫ ℎ20 u2(y) dy
(83)

T
he

drag
force

is
quantiV

ed
using

a
m
om

entum
balance

equation,w
hich

reduces
to

a

scalar
equation

in
thex-direction:

F⃗
net = ddt ∭

C
V �V⃗d+∬

C
S �V⃗(V⃗

rel ⋅n⃗)dA
(84)

−F
net =−∬ �|V

in | 2dA+∬ �|V
out | 2dA

(85)

=−�Lℎ1 U 21 +�L∫ ℎ20 u 22(y) dy
(86)

11

W
e
insertthe

expression
forℎ1

obtained
above

in
this

lastexpression,continuing
as:

−F
net =−�L 1U ∫ ℎ20 u2(y) dy+�L∫ ℎ20 u 22(y) dy

(87)

=�L∫ ℎ20 ( u 22(y) −U1 u2(y)) dy
(88)

Instead
of

a
functionu2 =f(y),

w
e
have

discrete
values.

T
he

integral
is

therefore

approxim
ated

as:

−F
net =�L∑y ( u 22 −U1 u2)

δy
(89)

=�L∑y [ u2 (u2 −U1 )]
δy

(90)

−F
net =�L∑y [ 3,2(3,2−3,2)

+3,2(3,2−3,2)
+3,15(3,15−3,2)
+3,14(3,14−3,2)
+3,03(3,03−3,2)
+2,92(2,92−3,2)
+2,81(2,81−3,2)
+2,87(2,87−3,2)
+2,89(2,89−3,2)
+2,97(2,97−3,2)
+3,19(3,19−3,2)
+3,2(3,2−3,2)
+3,2(3,2−3,2)]

δy
(91)

=999×0,7×(−5,3325)×0,05
(92)

=−186,45N
(93)

F
net =186,45N

(94)

F
net is

the
net

force
exerted

on
the

Wuid
by

the
object.

It
is
positive

in
thex-direction.

T
he

drag
force

is
the

force
exerted

on
the

object
on

the
Wuid,and

so
is
pointing

in
the

opposite
direction

(Wow
-w

ise
direction):F

drag =−186,45N
.

12



5.2
D
ependence

on
viscosity

V
iscosity

does
notappear

in
equation

(90)above.N
evertheless,an

increase
in

viscosity

w
ill

translate
into

higher
shear,

and
so

it
is
likely

that
the

object
w
ill

aU
ect

a
larger

am
ountofWuid

around
itself.T

his
w
illresultin

a
larger

velocity
deVcit(reduced

values

ofu2
in

the
tabled

m
easurem

entvalues).T
he

expression
forF

drag
w
illnotchange,butits

value
w
illincrease.

13

6
Liftand

drag
on

a
rotating

football

6.1
R
equired

w
ind

tunnelspeed

T
he

tw
o
Wow

s
w
illhave

identicalbehavior
if
the

R
eynolds

num
bers

are
equal.W

ith
1

denoting
the

realfootball,and
2
denoting

the
w
ind

tunnelsphere,w
e
have:

[R
e ]1 =

[R
e ]2

(95)
�V1 D1� = �V2 D2�

(96)

V2 =V1 D1D2
(97)

= 703,6 0,221,1
(98)

=3,89ms −1
(99)

V2 =14kmh −1
(100)

6.2
R
atio

offorces

Since
the

tw
o
Wow

s
are

dynam
ically

sim
ilar,the

force
coeX

cients
are

the
sam

e.C
onsid-

ering
the

liftcoeX
cients,

CL1 =CL2
(101)

L112 �S1 V 21 = L212 �S2 V 21
(102)

L1D 21 V 21 = L2D 22 V 21
(103)

L1L2 = D 21D 22 V 21V 22
(104)

= V 22V 21 V 21V 22
(105)

L1L2 =1
(106)

So,the
forces

w
illbe

identicalon
both

the
w
ind

tunnelm
odeland

the
realfootball.

14



6.3
R
otation

speed

T
he

desired
liftforce

isL1 =3,1N
.T

his
corresponds

to
a
liftcoeX

cientof:

CL1 = L112 �S1 V 21
(107)

=
L112 �� D 214 V 21

(108)

=
3,1

0,5×1,225×�× 0,22 24 ×19,44 2
(109)

CL1 =0,352
(110)

Inputting
this

value
in

Vgure
9,one

corresponding
value

of!D/2U
is1,51.T

his
allow

s

us
to

obtain
a
value

for!
(other

higher
values

also
w
ork):

!1 D12U1 =1,51
(111)

!1 = 1,51×2U1D1
(112)

= 1,51×2×19,44
0,22

(113)

=266rads −1
(114)

!1 =42,5rotations/s
(115)

6.4
D
rag

force

T
he

chosen
value

of!D/2U
corresponds

to
a
drag

coeX
cientreading

of0,56
in

Vgure
9.

Inputting
this

in
the

deVnition
for

the
drag

coeX
cient,w

e
can

solve
for

the
dragFD :

0,56=CD1 = FD112 �S1 V 21
(116)

FD1 =0,56× 12 �� D 214 V 21
(117)

=0,56×0,5×1,225×� 0,22 24 ×19,44 2
(118)

FD1 =4,93N
(119)

6.5
D
oubling

ofliftforce

T
he

force
is
“easily”

doubled
by

m
ultiplying

the
speedV1

by
a
factor √2:V3 = √2V1 .

W
e
obtain

the
sam

e
lift

coeX
cient

(CL3 =CL1 =0,352).
T
he

rotation
speed

has
to

be

adapted
according

to
the

expression
112:w

e
obtain!3 =60,1rotations/s.
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Fluid
dynam

icsexam
ination

—
Septem

ber21,2020

Fluid
D

ynam
icsforEngineersby

O
livierCleynen

Solve
problem

1,plusthree
otherproblem

sam
ong

problem
s2

to
6.

D
uration:2h

–
Use

ofcalculatorisauthorized;docum
entsare

notauthorized.

Exceptotherw
ise

indicated,assum
e

that:

The
atm

osphere
haspatm

. =1bar;�atm
. =1,225kgm −3;Tatm

. =11,3 ◦C;�atm
. =1,5⋅10 −5Pas

Airbehavesasa
perfectgas:R

air =287Jkg −1K −1;
air =1,4;cp
air =1005Jkg −1K −1;cv

air =718Jkg −1K −1
Liquid

w
aterisincom

pressible:�w
ater =1000kgm −3,cp

w
ater =4180Jkg −1K −1

Balance
ofm

assin
a

�xed
controlvolum

e
w

ith
steady

�ow
:

0=Σ[ �V⟂ A]incom
ing +Σ[ �V⟂ A]outgoing

(1)
w

hereV⟂
isnegative

inw
ards,positive

outw
ards.

Balance
ofm

om
entum

in
a

�xed
controlvolum

e
w

ith
steady

�ow
:

F⃗neton
�uid =Σ[ �V⟂ AV⃗]incom

ing +Σ[ �V⟂ AV⃗]outgoing
(2)

w
hereV⟂

isnegative
inw

ards,positive
outw

ards.

Balance
ofenergy

in
a

�xed
controlvolum

e
w

ith
steady

�ow
:

Q̇
net +Ẇ

shaft,net =Σ[ ṁ( i+ p� + 12 V 2+gz)]in

+Σ[ ṁ( i+ p� + 12 V 2+gz)]out
(3)

w
hereṁ

isnegative
inw

ards,positive
outw

ards.

M
assbalance

through
an

arbitrary
volum

e:

0= ddt ∭
CV �d+∬

CS �(V⃗
rel ⋅n⃗)dA

(4)

M
om

entum
balance

through
an

arbitrary
volum

e:

F⃗net = ddt ∭
CV �V⃗d+∬

CS �V⃗(V⃗
rel ⋅n⃗)dA

(5)

A
ngularm

om
entum

balance
through

an
arbitrary

volum
e:

M⃗
net,X = ddt ∭

CV r⃗Xm ∧�V⃗d+∬
CS r⃗Xm ∧�(V⃗

rel ⋅n⃗)V⃗dA
(6)

1

Shearforce
on

a
�atsolid

surface:

Fshear,directioni =∬S �directioni dS
(7)

Shearin
the

directionj,on
a

plane
perpendicularto

directioni:
||�⃗ij ||=� )Vj)i

(8)

Continuity
equation

forincom
pressible

�ow
:

∇⃗⋅V⃗=0
(9)

N
avier-Stokesequation

forincom
pressible

�ow
:

� DV⃗Dt =�g⃗−∇⃗p+�∇⃗ 2V⃗
(10)

In
ahighly-viscous(creeping)steady

�ow,thedragFD
exerted

on
asphericalbody

of
diam

eterD
atby

�ow
atvelocityV∞

isquanti�ed
as:

FD
sphere =3��V∞ D

(11)

In
cylindricalpipe

�ow
,w

e
assum

e
the

�ow
isalw

ayslam
inarfor [Re ]D

.2300 ,
and

alw
aysturbulentfor [Re ]D

&4000.The
D

arcy
friction

factorf
isde�ned

as:

f≡ |Δp
loss |LD 12 �V 2av.

(12)

The
losscoe�

cientKL isde�ned
as:KL ≡ |Δp

loss |12 �V 2av.
(13)

Viscositiesofvarious�uidsaregiven
in

�g.1p.4.Pressurelossesin
cylindricalpipes

can
be

calculated
w

ith
the

help
ofthe

M
oody

diagram
presented

in
�g.2

p.5.

The
non-dim

ensionalincom
pressible

N
avier-Stokesequation:

[St ] )V⃗ ∗)t ∗ +[1]V⃗ ∗⋅∇⃗ ∗V⃗ ∗= 1[Fr ] 2 g⃗ ∗−
[Eu ]∇⃗ ∗p ∗+ 1[Re ] ∇⃗ ∗2V⃗ ∗

(14)

in
w

hich
[St ]≡ fLV

,
[Eu ]≡ p0 −p∞�V 2

,
[Fr ]≡ V√gL

and
[Re ]≡ �VL�

.
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The
force

coe�
cientCF and

pow
ercoe�

cientC
P are

de�ned
as:

CF ≡ F12 �SV 2
C

P ≡ Ẇ12 �SV 3
(15)

The
speed

ofsoundc
in

airism
odeled

as:

c= √
RT
(16)

In
boundary

layer�ow,w
e

assum
e

thattransition
occursat [Re ]x ≈5⋅10 5.

Thew
allshearcoe�

cientcf ,afunction
ofdistancex,isde�ned

using
thefree-stream

�ow
velocityU

:

cf(x) ≡ �w
all

12 �U 2
(17)

Exactsolutionsto
the

lam
inarboundary

layeralong
a

sm
ooth

surface
yield:

�x = 4,91√[Re ]x
� ∗x = 1,72√[Re ]x

(18)

� ∗∗x = 0,664√[Re ]x
cf(x) = 0,664√[Re ]x

(19)

Solutionsto
theturbulentboundary

layeralong
asm

ooth
surfaceyield

thefollow
ing

tim
e-averaged

characteristics:
�x ≈ 0,16[Re ] 17x

� ∗x ≈ 0,02[Re ] 17x
(20)

� ∗∗x ≈ 0,016[Re ] 17x
cf(x) ≈ 0,027[Re ] 17x

(21)
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A
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O
2⟶

Figure1–
Theviscosity

offour�uids(crudeoil,w
ater,air,and

C02)asafunction
oftem

perature.Thescale
forliquidsislogarithm

icand
displayed

on
the

left;the
scale

forgasesislinearand
displayed

on
the

right.
Figure

C
C
-by

by
A
rjun

N
eyyathala

&
O
livier

C
leynen

4



Figure
2

–
A

M
oody

diagram
,w

hich
presentsvaluesforf

m
easured

experim
entally,asa

function
ofthe

diam
eter-based

Reynoldsnum
ber [Re ]D ,fordi�erentrelative

roughnessvalues.
D
iagram

C
C
-by-sa

S
Beck

and
R
C
ollins,U

niversity
ofShe�

eld
5

Solve
problem

1,

and
three

other
problem

s
am

ong
problem

s
2
to

6.

The
follow

ing
m

arking
guidelinesw

illbe
used:

•
A

nsw
ers

to
questions

starting
w

ith
“show

that”
should

be
fully-developed

and
continuous;

•
In

allotherquestions,the
correctresultw

ith
the

correctunitisenough
to

obtain
fullpoints;

•
Illegible

oram
biguousansw

ersare
alw

aysdiscarded.

6



1
N

avier-Stokesequation

1.1.
[5pts]W

riteoutequation
(10),theNavier-Stokesequation

forincom
pressible�ow,

in
itsfully-developed

form
in

three
Cartesian

coordinates.

1.2.
[5pts]In

w
hich

�ow
conditionsdoesthisequation

apply?

2
Pressure

forceson
the

panelsofa
barge

A
large

barge
isbeing

builtw
ith

the
dim

ensionsshow
n

in
�gure

3.O
nce

com
pleted,it

w
illbe

�oated
in

a
lake.The

bottom
panelofthe

barge
w

illthen
sithorizontally,2m

below
the

surface
ofthe

w
ater.Figure

3
–

Basiclayoutofa
barge

2.1.
[15pts]W

hatisthem
agnitudeoftheforceresulting

from
pressuree�ortson

each
ofthe

panelslabeled
A

,B
and

C?

2.2.
[5pts]H

ow
w

ouldtheforceon
panelC

changeiftheangle�
w

asincreased?
(brie�y

justify
youransw

er,e.g.in
30

w
ordsorless)

2.3.
[10pts]W

hatisthe
w

eightofthe
barge?

7

3
Governing

equations

W
e

considera
tw

o-dim
ensional�uid

�ow
described

w
ith

the
follow

ing
velocity

�eld,
described

in
Cartesian

coordinatesx
andy

inms −1:
V⃗=(2Ax−C)i⃗+(−2Ay−Bx)j⃗

w
hereA,B,andC

are
allconstants.

3.1.
[5pts]Show

thatthis�ow
satis�esthecontinuity

equation
forincom

pressible�ow
(equation

9).

3.2.
[10pts]W

hatisthe
acceleration

�eld
corresponding

to
this�ow

?

3.3.
[5pts]W

hatisthe
value

ofacceleration
ata

pointofcoordinates(3;3)?
3.4.

[10pts]D
oesa

function
existto

describe
the

pressure
�eld

ofthis�ow
,and

ifso,
w

hatisit?

8



4
Pipe

installation
w

ith
a

pum
p-turbine

Engineers
in

a
chem

icalcom
pany

w
ould

like
to

pum
p50Ls −1ofw

aterat20 ◦C
from

reservoirA
to

reservoirB
in

the
installation

draw
n

below
in

�gure
4.The

netw
ork

is
builtw

ith
acylindricalpipem

adeoutofconcrete(surfaceroughness�=0,25mm
),w

ith
a

diam
eterof12cm

.The
Y-junction

inducesa
losscoe�

cientof0,2.

Figure
4

–
Basiclayoutofthe

piping
netw

ork

The
installation

lengthsare
asfollow

s:
L1 =15m

L5 =16m
L2 =12m

L6 =6m
L3 =8m

L7 =5m
L4 =14m

4.1.
[10pts]W

hatisthehydraulicpow
erthatthepum

p
m

ustprovide,in
ordertodeliver

the
required

volum
e

�ow
?

4.2.
[10pts]O

n
a

diagram
,representqualitatively

(i.e.w
ithoutnum

ericaldata)the
pressure

distribution
along

the
length

ofthe
pipe,indicating

both
the

top
and

the
bottom

pathsfollow
ed

by
the

w
ater.

4.3.
[10pts]Ifthew

aterw
asto

betransferred
back

from
reservoirB

to
reservoirA,the

pum
p/turbine

device
w

ould
be

operated
asa

turbine.In
thatcase,w

hatw
ould

be
the

hydraulicpow
eravailable

to
the

turbine?

9

5
Friction

on
a

�atplate

A
laboratory

isdeveloping
a

specialoilw
ith

N
ew

tonian
�uid

characteristics.A
n

experi-
m

entissetup
to

m
easureitsviscosity.Forthis,athin

layerofoilispoured
atthebottom

ofatank
w

ith
rectangularw

alls.A
�atplateism

oved
perfectly

horizontally,sitting
�ush

w
ith

the
surface

ofthe
oil.A

force
m

easurem
entiscarried

out.

The
plate

hasw
idthW=40cm

and
lengthL=60cm

.Itism
oved

at15cms −1atthe
surface

ofthe
oil,w

hich
isata

distanceD=4mm
above

the
bottom

ofthe
tank.

Figure
5

–
Flatplate

m
oved

horizontally
atthe

surface
ofa

layerofoil,atthe
bottom

ofa
tank

The
�ow

below
theplate

issm
ooth,steady,and

lam
inar,so

thatthe
velocity

distribution
in

the
oilbetw

een
the

plate
and

the
bottom

ofthe
tank

isentirely
uniform

.

5.1.
[10pts]W

hatistherelationship
betw

een
theviscosity

oftheoiland
thedrag

force
due

to
shearon

the
bottom

side
ofthe

plate?

The
m

agnitude
ofthe

drag
force

resulting
from

the
shearexerted

by
the

oilism
easured

asFdrag =0,47N
.

5.2.
[5pts]W

hatisthe
viscosity

ofthe
oil?10



O
n

the
top

surface
ofthe

plate,in
the

air,there
isenough

space
fora

boundary
layerto

develop.Thescientistsin
thelaboratory

w
ould

liketo
check

thatthedrag
forcegenerated

by
thisboundary

layerdoesnotin�uence
the

m
easurem

ent.The
airin

the
room

has
properties1barand20 ◦C.

5.3.
[10pts]Starting

w
ith

equation
19

forthefriction
coe�

cientin
a

lam
inarboundary

layer:

cf(x) = 0,664√[Re ]x
(19)

show
thattherelationship

betw
een

theshearforceon
thetop

sideoftheplateand
the

propertiesofthe
airis:

Ftop =0,664W( p
air �air LRT

air ) 12V 32plate
(22)

5.4.
[5pts]W

hatisthe
m

agnitude
ofthe

force
exerted

by
the

airon
the

top
surface

of
the

plate?

11

6
Pickup

truck
w

ith
snow

plow

A
pickup

truck
isequipped

w
ith

a
snow

plow
blade.Ittravelssteadily

at30kmh −1in
20cm

ofsnow
w

ith
density�

snow
ground =400kgm −3,w

ith
the

blade
angled

at�=60°.
The

snow
isde�ected

along
the

blade,com
pacted

by
the

m
ovem

ent,and
itexitsw

ith
density�

snow
com

pacted =600kgm −3atvelocityV⃗
snow

/truck relative
to

the
truck.The

cross-
sectionalareaoftherejected

snow
isA

outlet =0,55m 2,m
easured

in
aplaneperpendicular

toV⃗
snow

/truck .

Figure
6

–
A

pickup
truck

using
a

large
blade

to
clearsnow

Pickup
draw

ing
C
C
-0

by
en:W

ikipedia
U
ser:W

ikideas1;diagram
C
C
-0

O
livier

C
leynen

6.1.
[15pts]W

hatisthe
force

exerted
on

the
blade

by
the

snow
?

6.2.
[5pts]W

hatisthe
pow

errequired
forthe

truck
to

plow
the

snow
?

6.3.
[10pts]H

ow
w

ould
the

pow
erchange

ifthe
angle�

w
asreduced?

(brie�y
justify

youransw
er,e.g.in

30
w

ordsorless)12



Solution:Fluid
D

ynam
icsexam

ination
—

Sept.21,2020

Fluid
D

ynam
icsforEngineersby

O
livierCleynen

https://�uidm
ech.ninja/

1
Governing

equation

1.1
N
-S

equation
question

�[ )u)t +u )u)x +v )u)y +w )u)z ] =�gx − )p)x +�[ ) 2u()x) 2 + ) 2u()y) 2 + ) 2u()z) 2]
(1)

�[ )v)t +u )v)x +v )v)y +w )v)z ] =�gy − )p)y +�[ ) 2v()x) 2 + ) 2v()y) 2 + ) 2v()z) 2]
(2)

�[ )w)t +u )w)x +v )w)y +w )w)z ] =�gz − )p)z +�[ ) 2w()x) 2 + ) 2w()y) 2 + ) 2w()z) 2]
(3)

1.2
C
onditions

for
this

equation

Thisequation
appliesto

allincom
pressible

�ow
sofa

N
ew

tonian
�uid.

1

2
Pressure

forceson
the

panelsofa
barge

2.1
M
agnitude

ofthe
forces

W
e

de�ne
coordinatesr,rC ,andz,asw

ellasthe
lengthsLA ,LB andLC ,asshow

n
in

the
�gure

below.

O
n

each
w

all,the
netpressure

applying
isthatdue

to
w

aterand
airfrom

both
sides,

p
net =p

w
ater +p

atm
. −p

atm
.

(4)

=�gz
(5)

W
allA

Theforceon
asm

allhorizontalstrip
ofpanelw

ith
heightdrand

w
idthL

A
isdFA .On

the
com

plete
door,the

force
applying

due
to

the
netpressurep

net ofw
aterand

airis:

FnetA =∫ r=R
m

ax

r=0 dFA
(6)

=∫ r=R
m

ax

r=0 p
net dS

(7)

=∫ r=R
m

ax

r=0 p
net L

A dr
(8)

=∫ r=R
m

ax

r=0 �gzL
A dr

(9)

2



A
coordinate

transform
isneeded

to
solve

the
integral,expressing

depthz
asa

function
ofr.Thisisobtained

by
geom

etry:z=Z
m

ax −r
(10)

Inserting
eq.10

into
eq.9,w

e
continue

w
ith:

Fnet
A =∫ r=R

m
ax

r=0 �g(Z
m

ax −r)L
A dr

(11)

=�gL
A∫ r=R

m
ax

r=0 (Z
m

ax −r)dr
(12)

=�gL
A[ Z

m
ax r− 12 r 2] r=R

m
ax

r=0
(13)

=�gL
A( Z

m
ax R

m
ax −0,5R

m
ax 2)

(14)

=10 3×9,81×20×( 2×2−0,5×2 2)
(15)

=3,924⋅10 5N
(16)

FnetA =392,4kN
(17)

W
allB

FnetB isfound
w

ith
a

sim
ilarcalculation.Thistim

e,L
B isa

function
ofr,w

hich
can

be
found

by
trigonom

etry:

L
B = rtan�

(18)

Picking
up

eq.9
applied

to
panelB,and

inserting
eqs.10

and
18,w

e
get:

Fnet
B =∫ r=R

m
ax

r=0 �g(Z
m

ax −r) rtan� dr
(19)

=�g 1tan� ∫ r=R
m

ax

r=0 (Z
m

ax r−r 2)dr
(20)

=�g 1tan� [ 12 Z
m

ax r 2− 13 r 3] r=R
m

ax

r=0
(21)

=�g 1tan� ( 12 Z
m

ax R 2m
ax − 13 R

m
ax 3)

(22)

=10 3×9,81× 1tan30° ×( 0,5×2×2 2− 2 33 )
(23)

=2,266⋅10 4N
(24)

FnetB =22,66kN
(25)

3

W
allC

FnetC
isfound

w
ith

a
sim

ilarcalculation.Thistim
e,the

relationship
betw

eenrC
andz

is
a

little
m

ore
com

plicated,and
found

by
trigonom

etry:

z=Z
m

ax −rC sin�
(26)

Picking
up

eq.9
applied

to
panelC

and
inserting

eqs.10
and

26,w
e

get:

FnetC =∫ rC =R
Cm

ax

rC =0 �g(Z
m

ax −rC sin�)L
C drC

(27)

=�gL
C∫ rC =R

Cm
ax

rC =0 (Z
m

ax −rC sin�)drC
(28)

=�gL
C[ Z

m
ax rC − 12 sin�r 2C] rC =R

Cm
ax

rC =0
(29)

=�gL
C( Z

m
ax R

Cm
ax − 12 sin�R 2Cm

ax)
(30)

=�gL
C( Z

m
ax Z

m
ax

sin� − 12 sin� Z 2m
ax

(sin�) 2)
(31)

=�gL
C 1sin� ( Z 2m

ax − 12 Z 2m
ax)

(32)

=�gL
C 1sin� 12 Z 2m

ax
(33)

=10 3×9,81×6× 1sin30° ×0,5×2 2
(34)

=2,3544⋅10 5N
(35)

Fnet
C =235,4kN

(36)

2.2
C
hange

in
force

w
ith

angle

Ifthe
angle�

w
as

increased,the
term1/sin�

in
eq.33

w
ould

decrease,and
so

the
calculated

force
w

ould
decrease.

H
ow

ever,thebargew
ould

also
sink

in
m

oredeeply
(becausetheim

m
ersed

volum
e,w

hich
isresponsible

forbuoyancy,w
ould

have
to

rem
ain

constant).Thisw
ould

resultin
an

increase
inZ 2m

ax ,likely
sm

allerthan
the

decrease
caused

by
the

term1/sin�.
2.3

W
eightofthe

barge

The
w

eightofthe
barge

isequalto
the

netforce
due

to
pressure

on
allpanels.Thiscan

be
calculated

eitherone
oftw

o
w

ays:

•
Using

force
com

ponents.The
w

eightisequalto
the

force
on

the
bottom

panel,
FD =�gZ

m
ax L

C L
A ,plustheverticalcom

ponentoftheforceon
panelC,FCvertical =

4



FnetC cos�.The
sum

is:Fw
eight =FD +FCvertical

(37)

=�gZ
m

ax L
C L

A +FnetC cos�
(38)

=2,558⋅10 6N
(39)

Fw
eight =2,558MN

(40)

•
Using

theim
m

ersed
volum

eand
m

ultiplying
itby

thedensity
ofw

aterand
gravity

to
obtain

the
buoyancy:

Fw
eight =

im
m

ersed �g
(41)

=�g( L
A + 12 L

Bm
ax) L

C Z
m

ax
(42)

=�g( L
A + 12 Z

m
ax

tan� ) L
C Z

m
ax

(43)

=10 3×9,81×( 20+ 12 2tan30° ) ×6×2
(44)

=2,558⋅10 6N
(45)

Fw
eight =2,558MN

(46)

The
m

assofthe
barge

isapproxim
ately

260
tons.

5

3
Governing

equations

3.1
C
ontinuity

equation

The
incom

pressible
continuity

equation
(eq.9

in
the

form
ula

sheet)translatesin
tw

o
dim

ensionsas:

)u)x + )v)y =0
(47)

In
thiscase,w

e
have)u)x + )v)y = )(2Ax−C))x

+ )(−2Ay−Bx)
)y

(48)

=2A−2A
(49)

=0s −1
(50)

So
the

incom
pressible

continuity
equation

issatis�ed,and
the

�ow
isincom

pressible.

3.2
A
cceleration

�eld

The
acceleration

�elda⃗
(inms −2)is:a⃗= DV⃗Dt

(51)

= )V⃗)t +(V⃗⋅∇⃗)V⃗
(52)

Thex-com
ponentofa⃗

is

ax = )u)t +u )u)x +v )u)y
(53)

= )(2Ax−C))t +(2Ax−C) )(2Ax−C))x
+(−2Ay−Bx) )(2Ax−C))y

(54)

=0+2A(2Ax−C)+0
(55)

ax =4A 2x−2AC
(56)

6



They-com
ponentofa⃗

is

ay = )v)t +u )v)x +v )v)y
(57)

= )(−2Ay−Bx)
)t

+(2Ax−C) )(−2Ay−Bx)
)x

+(−2Ay−Bx) )(−2Ay−Bx)
)y

(58)

=0−B(2Ax−C)−2A(−2Ay−Bx)
(59)

=−2ABx+BC+4A 2y+2ABx
(60)

ay =4A 2y+BC
(61)

So,the
acceleration

�eld
is,inms −2:a⃗=( 4A 2x−2AC

4A 2y+BC )
(62)

3.3
A
cceleration

atone
point

A
tpointw

ithx=3
andy=3,w

e
have

a⃗
point =( 12A 2−2AC

12A 2+BC ) ms −2
(63)

3.4
Function

for
pressure

W
eusetheincom

pressibleNavier-Stokesequation
(eq.10oftheequation

sheet)toexpress
the

acceleration
�eld

asa
function

ofthe
gravity,pressure

and
shearterm

s:

� DV⃗Dt =�g⃗−∇⃗p+�∇⃗ 2V⃗
(64)

�a⃗=�g⃗−∇⃗p+�∇⃗ 2V⃗
(65)

Splitting
thatlastequation

into
tw

o
com

ponents,w
e

get,forthex-com
ponent:

�ax =�gx − )p)x +� ) 2u()x) 2
(66)

�( 4A 2x−2AC) =�gx − )p)x +� ) 2(2Ax−C)
()x) 2

(67)

�( 4A 2x−2AC) =�gx − )p)x +0
(68)

)p)x =�( −4A 2x+2AC+gx)
(69)

7

Likew
ise

in
they-direction,w

e
have

�ay =�gy − )p)y +� ) 2v()y) 2
(70)

�( 4A 2y+BC) =�gy − )p)y +� ) 2(−2Ay−Bx)
()y) 2

(71)

�( 4A 2y+BC) =�gy − )p)y +0
(72)

)p)y =�( −4A 2y−BC+gy)
(73)

W
e

have:

)( )p)x ))y =0= )( )p)y))x
(74)

w
hich

guaranteesthatthere
existsa

function
to

describep.
W

e
proceed

to
integrate

eq.69
w

ith
respecttoy:

p=�[ −2A 2x 2+( 2AC+gx ) x] +f(y,t)
(75)

w
ithf

a
function

ofy
andtonly.

To
obtain

functionf,w
e

derivate
thisequation

75
w

ith
respecttoy,and

com
pare

w
ith

eq.73:)p)y = d( �[ −2A 2x 2+( 2AC+gx ) x])
dy

+f ′(y,t) =�( −4A 2y−BC+gy)
(76)

0+f ′(y,t) =�( −4A 2y−BC+gy)
(77)

W
e

can
now

integrate
thisequation

77
w

ith
respecttoy

to
�nd

the
functionf:

f(y,t) =�[ −2A 2y 2+( −BC+gy) y] +i(t) +p0
(78)

w
ithi

a
function

oftonly,
andp0

an
arbitrary

integration
constant.

Inserting
this

equation
78

into
eq.75,w

e
�nally

getthe
function

forpressure
(inPa)

corresponding
to

the
given

velocity
�eld:

p=�[ −2A 2x 2+( 2AC+gx ) x] +�[ −2A 2y 2+( −BC+gy) y] +i(t) +p0
(79)

p=�[ −2A 2x 2−2A 2y 2+( 2AC+gx ) x+( −BC+gy) y] +i(t) +p0
(80)

A
llfunctionsioftim

e,and
any

initialvaluep0 ,m
ay

be
inserted

in
equation

80,and
it

w
illstillsatisfy

the
incom

pressible
N

avier-Stokesequation.

8



4
Pipe

installation
w

ith
a

pum
p-turbine

4.1
H
ydraulic

pow
er

ofpum
p

W
e

w
antto

calculate
fourpressure

di�erences:

•
Pressure

drop
due

to
w

allfriction
losses

along
the

horizontalpipe,Δpf1 :
The

average
velocity

in
the

pipe
isV

av.1 = ̇S
(81)

=
̇� D 24

(82)

= 0,05�× 0,12 24
(83)

V
av.1 =4,42ms −1

(84)

The
Reynoldsnum

beris

[Re ]D 1 = �V
av.1 D�

(85)

= 10 3×4,42×0,12
10 −3

(86)

[Re ]D 1 =5,305⋅10 5
(87)

The
relative

roughnessis

�D = 0,25⋅10 −30,12
(88)

�D =2,08⋅10 −3
(89)

W
ith

those
values,the

M
oody

diagram
reads:

f1 =0,0241
(90)

Finally,the
w

allfriction
lossesalong

the
pipe

are
calculated

as:

Δpf1 =−f1 12 �V 2av. L1D
(91)

=−0,0241×0,5×10 3×4,42 2× 150,12
(92)

Δpf1 =−2,944⋅10 4Pa
(93)

=−0,29bar
(94)

9

•
Pressure

drop
due

to
w

allfriction
lossesin

each
ofthe

tw
o

branches,Δpf2 :The
average

velocity
in

the
pipe

isV
av.2 = V

av.12
(95)

V
av.2 =2,21ms −1

(96)

The
Reynoldsnum

beris

[Re ]D 2 =
[Re ]D 12

(97)

[Re ]D 2 =2,653⋅10 5
(98)

W
ith

the
sam

e
relative

roughness,the
M

oody
diagram

reads:

f2 =0,025
(99)

Finally,the
w

allfriction
lossesalong

the
pipe

are
calculated

as:

Δpf2 =−f2 12 �V 2av.2 L2D
(100)

=−0,025×0,5×10 3×2,21 2× 120,12
(101)

Δpf2 =−6,108⋅10 3Pa
(102)

=−0,06bar
(103)

•
Pressure

drop
due

to
lossesin

the
junction,Δp

junction :

Δp
junction =KL 12 �V 2av.1

(104)

=0,2× 12 ×10 3×4,421 2
(105)

Δp
junction =−1,954⋅10 3Pa

(106)

=−0,02bar
(107)

•
Pressure

drop
due

to
hydrostaticpressure

change
acrossthe

pum
p,Δpℎ :

Δpℎ =�g(L5 +L6 −L3 )
(108)

=10 3×9,81×( 16+6−8)
(109)

Δpℎ =+1,373⋅10 5Pa
(110)

=+1,37bar
(111)
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Finally,the
pum

p
hydraulicpow

erisobtained
as:

Ẇ
pum

p =̇(Δp
pum

p )
(112)

=̇( Δpℎ −Δpf1 −Δpf2 −Δp
junction)

(113)

=0,05×[ +1,373⋅10 5−(−2,944⋅10 4)−(−6,108⋅10 3)−(−1,954⋅10 3)]
(114)

=0,05×[ +1,373+0,2944+0,0611+0,01954] ×10 5
(115)

=+8,742⋅10 3W
(116)

Ẇ
pum

p =+8,74kW
(117)

4.2
Pressure

distribution

4.3
H
ydraulic

pow
er

ofturbine

Ifthe�ow
runsfrom

B
to

A,them
agnitudeofthepressuredi�erencesrem

ainsthesam
e.

The
hydrostaticpressure

di�erence
changessign,butthe

pressure
lossesdue

to
friction

do
not:

Ẇ
turbine =̇(Δp

turbine )
(118)

=̇( Δpℎturbine −Δpf1 −Δpf2 −Δp
junction)

(119)

=̇( −Δpℎpum
p −Δpf1 −Δpf2 −Δp

junction)
(120)

=0,05×[ −1,373+0,2944+0,0611+0,01954] ×10 5
(121)

=−4,992⋅10 3W
(122)

Ẇ
turbine =−4,99kW

(123)

So,pum
ping

the
�ow

from
A

to
B

costs8,7kW
ofpow

er,butturbining
the

�ow
back

dow
n

from
B

to
A

only
generates5kW

ofpow
er.
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5
Friction

on
a

�atplate

The
�ow

can
be

represented
asshow

n
below

:

5.1
Shear

force
on

bottom
side

In
orderto

calculate
shearon

the
bottom

face,w
e

expressthe
horizontal�uid

velocity
below

the
plate

(relative
to

the
plate)in

a
very

sim
ple

velocity
�eld:

Vx =u=0+ky
(124)

Theconstantk
isfound

using
boundary

conditions:ata
distanceD

aw
ay

from
the

plate,
the

velocity
ofthe

�uid
relative

to
the

plate
isV

plate :

u|@
y

=
D =V

plate =0+kD
(125)

k= V
plate

D
(126)

So
the

velocity
�eld

becom
es:

u= 1D V
plate y

(127)

12



Now,theshearon
thebottom

plateisfound
through

integration,starting
w

ith
equation

7
from

the
form

ula
sheet:Fbottom =∫ dF=∬S �plate dS

(128)

=∬ �plate dS
(129)

=∫ x=Lx=0 �plate Wdx
(130)

Expressing
the

shear�plate asa
function

ofthe
velocity

�eld
in

a
N

ew
tonian

�uid,w
e

continue
to

get:

Fbottom =∫ x=Lx=0 �oil )u)y ||||@y=0 Wdx
(131)

=�oil W∫ x=Lx=0 )( 1D V
plate y))y |||||@y=0 dx

(132)

=�oil W∫ x=Lx=0 ( 1D V
plate)@y=0 dx

(133)

Fbottom =�oil W 1D V
plate L

(134)

Rearranging
thisequation

to
solve

for�,w
e

get:

�oil =Fbottom DWV
plate L

(135)

5.2
V
iscosity

ofoil

The
viscosity

ofthe
oilisobtained

by
plugging

in
valuesin

eq.135:

�oil =0,47× 4⋅10 −3
0,4×0,15×0,6

(136)

�oil =5,22⋅10 −2Pas
(137)

5.3
Shear

force
on

top
side

A
boundary

layerdevelopson
the

top
side,in

air.Thatboundary
layerw

ould
transitat

[Re ]x ≈5⋅10 5.Solving
forx

tr. w
ithU

(the
faraw

ay
velocity)being

equaltoV
plate ,and

13

reading
the

value�air =1,85⋅10 −5Pasin
�gure

1,w
e

have:

[Re ]xtr. = �
air Ux

tr.

�air
(138)

x
tr. =

[Re ]xtr. �air
�

air U
(139)

= p
air [Re ]xtr. �air
RT

air U
(140)

= 1⋅10 5×5⋅10 5×1,85⋅10 −5
287×(273,15+20)×0,15

(141)

x
tr. =73,3m

(142)

Sincex
tr. >L,the

boundary
layernevertransitsand

rem
ainscom

pletely
lam

inar.

To
�nd

an
expression

for�,w
e

startw
ith

the
given

equation
and

im
plem

entthe
de�-

nition
15

ofthe
form

ula
sheet,asw

ellasthe
de�nition

ofthe
distance-based

Reynolds
num

ber [Re ]x :
cf(x) = 0,664√[Re ]x

(143)

�w
all,lam

inar
12 �

air U 2 = 0,664√�air Ux�air
(144)

�w
all,lam

inar =0,664( �
air Ux�air ) − 1212 �

air U 2
(145)

�w
all,lam

inar =0,332 √�
air �air U 1,5x − 12

(146)

The
shearforce

on
the

top
surface

isthe
integralofthe

shearw
ith

respectto
area:

Ftop =∫ �w
all dS

(147)

W
e

splitthe
totalarea

covered
by

the
lam

inarboundary
layerin

stripsofw
idthW

and
lengthdx,w

ithx
ranging

from
0

(leading
edge)toL

(trailing
edge),obtaining:

Ftop =∫ x=Lx=0 �w
all Wdx

(148)

=∫ x=Lx=0 0,332 √�
air �air U 1,5x − 12Wdx

(149)

=0,332 √�
air �air U 1,5W∫ L0 x −0,5dx

(150)

=0,332 √�
air �air U 1,5W[ 1−0,5+1 x −0,5+1] L0

(151)

=0,332 √�
air �air U 1,5W2L 0,5

(152)

14



=0,664 √�
air �air U 32WL 12

(153)

=0,664W( �
air �air L) 12U 32

(154)

=0,664W( p
air �air LRT

air ) 12U 32
(155)

Ftop =0,664W( p
air �air LRT

air ) 12V 32plate
(156)

5.4
Force

exerted
by

the
air

W
e

sim
ply

insertvaluesinto
eq.156:

Ftop =0,664×0,4×( 1⋅10 5×1,85⋅10 −5×0,6
287×(273,15+20) ) 0,5×0,15 1,5

(157)

Ftop =5,6⋅10 −5N
(158)

Thisforceisisvery
m

uch
sm

allerthan
theforcegenerated

by
theoil,so

theair’sin�uence
in

the
viscosity

m
easurem

entexperim
entisindeed

very
sm

all.
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6
Pickup

truck
w

ith
snow

plow

W
e

de�ne
a

controlvolum
e

m
oving

togetherw
ith

the
truck,asshow

n
below.The

snow
entersw

ith
velocityV⃗1 and

leavesw
ith

velocityV⃗2 =V⃗
out .

6.1
Force

on
blade

W
e

w
antexpressionsforthe

m
ass�owṁ

,asw
ellasforthe

tw
o

vectorsV⃗1 andV⃗2 .
The

m
ass�ow

isfound
using

the
inletconditions:

ṁ=�1 V1 A⟂1
(159)

=�1 V1 W
sw

eep ℎ
snow

(160)

=400× 303,6 ×3,5×0,2
(161)

ṁ=2,333⋅10 3kgs −1
(162)

The
outletvelocity

can
then

be
obtained:

ṁ=�2 V2 A⟂2
(163)

ṁ=�2 V2 A
out

(164)

V2 = ṁ�2 A
out

(165)

= 2,333⋅10 3
600×0,55

(166)

V2 =7,07ms −1
(167)
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The
velocity

vectorV⃗2 isthen
expressed

according
to

itstw
o

com
ponents:

V2x =+V2 sin�
(168)

=7,07×sin(60°)
(169)

V2x =+6,12ms −1
(170)

V2z =+V2 cos�
(171)

=7,07×cos(60°)
(172)

V2z =+3,54ms −1
(173)

So,w
e

have
allthe

necessary
inform

ation
aboutthe

�ow
:

ṁ=2,333⋅10 3kgs −1
(174)

V⃗1 = ⎛⎜⎜⎜⎝ 00+8,33 ⎞⎟⎟⎟⎠ ms −1
(175)

V⃗2 = ⎛⎜⎜⎜⎝ +6,120+3,54 ⎞⎟⎟⎟⎠ ms −1
(176)

N
ow

,applying
eq.2

from
the

equation
sheet,w

e
can

expressthe
netforceF⃗net on

the
snow

:

F⃗net =Σ[ �V⟂ AV⃗]incom
ing +Σ[ �V⟂ AV⃗]outgoing

(177)

=ṁ( V⃗2 −V⃗1)
(178)

=ṁ ⎛⎜⎜⎜⎝ V2x −V1x
V2y −V1y
V2z −V1z ⎞⎟⎟⎟⎠

(179)

=2,333⋅10 3 ⎛⎜⎜⎜⎝ (+6,12)−0
0−0

(+3,54)−(+8,33) ⎞⎟⎟⎟⎠
(180)

17

= ⎛⎜⎜⎜⎝ +1,429⋅10 40−1,12⋅10 4 ⎞⎟⎟⎟⎠ N
(181)

F⃗net = ⎛⎜⎜⎜⎝ +14,30−11,2 ⎞⎟⎟⎟⎠ kN
(182)

The
force

exerted
on

the
blade

by
the

snow
isexactly

the
opposite,i.e.

F⃗snow
on

blade =−F⃗net = ⎛⎜⎜⎜⎝ −14,30+11,2 ⎞⎟⎟⎟⎠ kN
(183)

6.2
Pow

er
required

oftruck

The
pow

erẆ
truck provided

by
the

truck
to

com
pensate

forthe
force

is

Ẇ
truck =F⃗net ⋅V⃗

truck
on

ground
(184)

=−V
truck Fnetz

(185)

=−8,333×(−1,12⋅10 4)
(186)

=9,329⋅10 4W
(187)

Ẇ
truck =93,3kW

(188)

(approxim
ately

120
horsepow

er)

6.3
Pow

er
change

w
ith

angle

The
pow

erisquanti�ed
using

equation
185,in

w
hich

w
e

include
eq.179,eq.171,and

then
eq.160:

Ẇ
truck =−V

truck Fnetz
(189)

=−V
truck ṁ( V2z −V1z )

(190)

=−V
truck ṁ( V2 cos�−V1z )

(191)

=−V
truck ṁ( ṁ�2 A

out cos�−V
truck)

(192)
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=−V
truck ṁ( �1 V1 W

sw
eep ℎ

snow

�2 A
out cos�−V

truck)
(193)

=−V
truck �V

truck ℎ
snow W

sw
eep( �1 V

truck W
sw

eep ℎ
snow

�2 A
out

cos�−V
truck)

(194)

=−V 3truck ℎ
snow W

sw
eep( �1 W

sw
eep ℎ

snow

�2 A
out cos�−1)

(195)

In
equation

195,decreasing�
w

ould:

•
increase

the
termcos�;

•
decrease

the
e�ective

w
idthW

sw
eep (unlessa

new,largerblade
isused).

Both
factors

tend
to

decrease
the

m
agnitude

ofẆ
truck .

Therefore,the
pow

er
w

ould
decrease,likely

fasterthan�.
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