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A1l Notation

By definition. The = symbol sets the definition of the term on its left
(which does not depend on previous equations).

(dot above symbol) Time rate: * = %. For example, Q is the rate of heat
(in watts) representing a heat quantity Q (in joules) every second.

- (bar above symbol) Time-average: A = avg(A) = avg(A+A’). The prime
symbol indicates the instantaneous fluctuation around the average.

A Indicates a net difference between two values: (AX)a_p = Xg — Xa. Can
be negative.

italics Physical properties (e.g. mass m, temperature T).

straight subscripts Points in space or in time (temperature T, at point A).
Subscripts “cst” indicate a constant property, “in” indicates “incoming”
and “out” is “outgoing”.

Subscript “av.” indicates “average”.

operators Differential d, partial differential o, finite differential J, total (alt.:
substantial) derivative D/Dt (def. eq. 6/7 p. 115), exponential exp x = e,
natural logarithm In x = log, x.

vectors Vectors are written with an arrow. Velocity is V = (u, v, w), alter-
natively written u; = (4, v, w). The norm of a vector A (positive or
negative) is |A|, its length (always positive) is || A]|.

vector calculus
Dot product A-B (see §A2.1 p. 247);
Cross product AAB (see §A2.2 p. 248);
Gradient VA (def. eq. 4/11 p. 77, see also §A3.1 p. 250);
Divergent V-A (def. eq. 5/14 p. 95, see also §A3.2 p. 250);
Laplacian V2A (def. eq. 6/38 p. 124, see also §A3.4 p. 251);
Curl V x A (def. eq. A/32 p. 252, see also §A3.5 p. 252).

units Units are typed in roman (normal) font and colored gray (1kg). In
sentences units are fully-spelled and conjugated (one hundred watts).
The liter is noted L to increase readability (1L = 107> m?). Units in
equations are those from systéme international (s1) unless otherwise
indicated.

numbers The decimal separator is a comma, the decimal exponent is pre-
ceded by a dot, integers are written in groups of three (1,234 - 10> = 1234).
Numbers are rounded up as late as possible and never in series. Leading
and trailing zeros are never indicated.
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A2 Vector operations

For a step-by-step revision of those notions and many more, written in a
progressive, nonjudgmental way, with plenty of worked-out exercises, you
can try John Bird’s Higher Engineering Mathematics [15].

A2.1 Vector dot product

The dot product™ of two vectors is a number defined as:

G-b= |d| |l;| cos 6 (A/1)

where 0 is the angle separating the two vectors @ and b.
In this document, the dot product is always written with a median dot (a - b),

but in other literature, it is sometimes written with the x symbol. Take care
not to confuse it with the vector cross product (see §A2.2 p. 243).

It can be shown that the dot product of two vectors a{x,, Va, z.} and b{xy, y;, z»}

can be quantified as:
d-b= XX+ YaVb + ZaZp (A/2)

The dot product of two vectors is the same regardless of the order in which
they are multiplied:
a-b=b-a (A/3)

Its is easily shown using eq. (A/1) that:

(@ -~b)=-(@-b) (A/4)

Figure A.1: Two vectors a and b.
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https://en.wikipedia.org/wiki/Dot_product
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A2.2 Vector cross product
The cross product™ of two vectors is a vector written as:

inb=¢ (A/5)
The vector ¢ is so that:

its length is equal to
=ab sinf (A/6)

its direction is perpendicular to a and b;

its orientation is so that if b is positioned at the end of @, then ¢ points away
from a point from which the rotation generated b is in the clockwise
direction.

S
Describing ¢ requires a third dimension, even if a et b have only two dimen-
sions.

In this document, the cross product is written with a wedge symbol (a A l;)
but in the literature, it is often written with the symbol x. Make sure you do
not confuse it with the dot product (§A2.2 p. 243).

It can be shown that the cross product ¢ of two vectors a{x,, ya, z,} et

b{xp, b, zp} is:

i 7k
2 N (A7)
Xo Yo Zb
So that one obtains:
s F R i F A e I (A/8)
Vb Zp Xp 2 Xp Wb

= (Vozb ~ WoZa)i — (Xa2p— p20)] + (%Yo — XpYa)k (A/9)

The two vectors dA b and b g are pointing away one from the other (fig. A.3):

bad=-(dnb) (A/10)

>

Figure A.2: Two vectors d and b. The vector product @ A b has length the product of
the lengths b, et a. In the case shown here, the vector ¢ = d A b is going into through
the document plane, going away from the reader.


https://en.wikipedia.org/wiki/Cross_product

»
Ead

b,
‘/.x'
Figure A.3: The vectors d A b and b A @ have the same length but are pointing

directions opposite one from the other (the first away from the reader, and the other
towards the reader).

If any vector changes direction, the cross product also changes direction

(fig. A.4):

5/\—_)=—(5AE) (A/11)
Y
'bJ_
5
‘ 1
A
a

Figure A.4: The vector a A “bis pointing away from the vector @ A b.
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A3 Field operators

Four operators which apply on vector or scalar fields are important in fluid
mechanics: gradient, divergent, Laplacian and curl.

A3.1 Gradient

The mathematical operator gradient™ (first introduced as eq. 4/11 p. 77) is
written V . It applies on a scalar field and produces a vector field. It is
defined as:

V= i—+j—+k— A/12
lax Jay 0z ( )
2A
8A—> 8A—> 8A i 2x
VA= —i+—j+—k=| 2 (A/13)
ox Jdy’ 0z EA
9z
For example, the gradient of a pressure field is the vector field §p:
9
- a - a - a e X
VPEa—pi+—pj+—pk= 5 (A/14)
x

oy dz S_ly,

2z

A3.2 Divergent

The mathematical operator divergent™ (first introduced as eq. 5/14 p. 95) is
written V- and is defined as:

7. 27+ %27+ 2k A/15
8xl 8y] 0z ( )

When applied on a vector field, it produces a scalar field:

V-A=—i A+ —j-A+ —k-A (A/16)
ox ady 0z
0A, 0A, 0A,
= + + (A/17)

When applied on a 2" order tensor field, it produces a vector field:

Axx , OAyx | 0As > 2
VA= a—;y+§;y+ 2| = Y.éiy (A/18)
For example, the divergent of a velocity field is the scalar field V-V
> = du ov ow
Vv 2 (A/19)

ax  Jy oz


https://en.wikipedia.org/wiki/Gradient
https://en.wikipedia.org/wiki/Divergence

A3.3 Advective

The advective operator," (\7 . 6) is defined as follows:

> S d d d
V.V=u—+v—+w— (A/20)
ox ay 0z

Do not confuse the advective operator with the divergent of velocity, V-V
(see Appendix A3.2 above, including eq. A/19), which is a scalar field.

The advective operator can be applied to a scalar field A:

(V-%)A: U— + 00— + w— (A/21)

It can also be applied to a vector field A:
L L. 9A  0A  0A
(V-VV A=u— +0v— + w— (A/22)
ox ady 0z

(A/23)

A3.4 Laplacian

The mathematical operator Laplacian™" (first introduced as eq. 6/38 p. 124)
is written V* and defined as:

V2=V.V (A/24)

When applied to a scalar field, it is equal to the divergent of the gradient of
the field, and produces a scalar field:

VPA=V-VA (A/25)
’A . °A . 9*A
(0x)?  (9y)* (92)*

(A/26)

When applied to a vector field, the general expression uses the curl operator
(we never use this expression in this course), and produces a vector field:

6225(§§)X—§x<6xg> (A/27)

In Cartesian coordinates, this simplifies as:

V2A, 7. VA,
VA== | VA, | = | VUA, (A/28)
V2A, V- VA,
aZAX azAx azAx
@ " @t T @2y
°A A d*A
=| Gt @y T 6o (A/29)
PA, | PA L PA;
(@x)* * (9y)*  (92)?
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https://en.wikipedia.org/wiki/Material_derivative
https://en.wikipedia.org/wiki/Laplace_operator
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For example, the Laplacian of a velocity field is the vector field V2V

= &u
Lo [(Tu) | e
— 2 — _o"v_
v V = Y v - (azx)z
2 *w

Vew W +

A3.5 Curl

’u
F) 2
(a%/)

v

(9y)?
ek

w
(9y)?

u

* oy

a.

v
(92)
3w
(92)?

(A/30)

The mathematical operator curl” (sometimes named rotational) is written Vx.
It applies to a vector field and produces a vector field. It is defined as:

ik
I, - |0 o9 2
Kl P i =
i j ok
TxAd=|2 2 2 =<‘9AZ_‘9_AV>7+
ox ady 0z ay 0z
A, A, A,

For example, the curl of velocity is the vector field VxV:

<
X
<
I

ow Jdv\ -
=l —-—1]i +
Jdy 9z

< g’lm ~.
Q o~y
S Pl =y

( 0A,
- +

ax

(A/31)

an d 8Ay an g
i+ [==2- k
0z ox y

(A/32)

-


https://en.wikipedia.org/wiki/Curl_(mathematics)

A4 Derivations of the Bernoulli equation

A4.1 The Bernoulli equation from the energy equation

This is covered in section 2.6 p. 41.

A4.2 The Bernoulli equation from the integral momen-
tum equation

We begin with the integral linear momentum equation (eq. 3/9 p. 56):

- d = = =
Fnetz—/// deV+//pV(Vrel~ﬁ)dA
dt e cs

When considering a fixed, infinitely short control volume along a known
streamline s of the flow, this equation becomes:

- - - d — —
deressure + dFshear + ngravity = E [// pV dy + PVA dv
Ccv

along a streamline, where the velocity Vis aligned (by definition) with the streamline.

Now, adding the restrictions of steady flow (d/ d¢ = 0) and no friction ( dI::Shear =

-

0), we already obtain:

dﬁ pressure + dﬁ gravity = pVA d‘_}

The projection of the net force due to gravity dfgravity on the streamline
segment ds has norm dﬁgravity - ds = -gpAdz, while the net force due to
pressure is aligned with the streamline and has norm dFessure,s = —A dp.
Along this streamline, we thus have the following scalar equation, which we
integrate from points 1 to 2:

-Adp - pgAdz = pVAdAV
1
-—dp-gdz=VdV

p
2 1 2 2
—/ —dp—/ gdz=/ vdv
1 P 1 1
The last obstacle is removed when we consider flows without heat or work

transfer, where, therefore, the density p is constant. In this way, we arrive to
equation. 2/20 p. 42 again:

P1

1 1
—+—V12+g21=&+—V22+g22
p 2

1 2 1 2
(p+ 2PV +ng) = (p+ PV +ng)
1 2 2

A4.3 The Bernoulli equation from the Navier-Stokes
equation

We start by following a particle along its path in an arbitrary flow, as dis-
played in fig. A.5. The particle path is known (condition 5 in §2.6 p. 41), but
its speed V is not.
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Figure A.5: Different pathlines in an arbitrary flow. We follow one particle as it
travels from point 1 to point 2. An infinitesimal path segment is named ds.
Figure CC-0 Olivier Cleynen

We are now going to project every component of the Navier-Stokes equation
(eq. 6/42 p. 125) onto an infinitesimal portion of trajectory ds. Once all terms
have been projected, the Navier-Stokes equation becomes a scalar equation:

a‘_} hd -> > N - —>2—>
pE+p(V-V)V=pg—Vp+pV vV

aV - - - = . - - - >, =
v ds+p(V-V)V . ds=pg-ds-Vp- ds+uV?V - ds

Because the velocity vector V of the particle, by definition, is always aligned
with the path, its projection is always equal to its norm: V. d§ = Vds. Also,
the downward gravity g and the upward altitude z have opposite signs, so
that g - ds = —g dz; we thus obtain:

A% dv dp Soo
i - = — -z ViV -
P ds+pdsVds pgdz dsds+,u V.ds

When we restrict ourselves to steady flow (condition 1 in §2.6), the first
left-hand term vanishes. Neglecting losses to friction (condition 4) alleviates
us from the last right-hand term, and we obtain:

dv d
p—Vds=-pgdz - @ ds
ds ds
pVdV =-pgdz - dp

This equation can then be integrated from point 1 to point 2 along the

pathline:
2 2 2
p/ VdV=—/ pgdz—/ dp
1 1 1

When no work or heat transfer occurs (condition 3) and the flow remains
incompressible (condition 2), the density p remains constant, so that we
indeed have returned to eq. 2/20 p. 42:

1, 1
A (EV ) rghz s Ap=0 (A/34)

(p " %sz - pgz)1 = (p + %sz + pg2)2 (A/35)


https://commons.wikimedia.org/wiki/file:Integration from Navier-Stokes to Bernoulli along path.svg
https://creativecommons.org/publicdomain/zero/1.0/deed.en
https://ariadacapo.net

Thus, we can see that if we follow a particle along its path, in a steady,
incompressible, frictionless flow with no heat or work transfer, its change in

kinetic energy is due only to the result of gravity and pressure, in accordance
with the Navier-Stokes equation.
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A5 Flow parameters as force ratios

This topic is well covered in Massey [6]

Instead of the mathematical approach covered in §8.2.2 p. 162, the concept of
flow parameter can be approached by comparing forces in fluid flows.

Fundamentally, understanding the movement of fluids requires applying
Newton’s second law of motion: the sum of forces which act upon a fluid
particle is equal to its mass times its acceleration. We have done this in
an aggregated manner with integral analysis (in chapter 3, eq. 3/9 p. 56),
and then in a precise and all-encompassing way with differential analysis
(in chapter 6, eq. 6/42 p. 125). With the latter method, we obtain complex
mathematics suitable for numerical implementation, but it remains difficult
to obtain rapidly a quantitative measure for what is happening in any given
flow.

In order to obtain this, an engineer or scientist can use force ratios. This
involves comparing the magnitude of a type of force (pressure, viscous,
gravity) either with another type of force, or with the mass-times-acceleration
which a fluid particle is subjected to as it travels. We are not interested in
the absolute value of the resulting ratios, but rather, in having a measure of
the parameters that influence them, and being able to compare them across
experiments.

A5.1 Acceleration vs. viscous forces:
the Reynolds number

The net sum of forces acting on a particle is equal to its mass times its
acceleration. If a representative length for the particle is L, the particle
mass grows proportionally to the product of its density p and its volume L*.
Meanwhile, its acceleration relates how much its velocity V will change over
a time interval At: it may be expressed as a ratio AV/At. In turn, the time
interval At may be expressed as the representative length L divided by the
velocity V, so that the acceleration may be represented as proportional to the
ratio VAV/L. Thus we obtain:
, , VAV
|net force| = |mass x acceleration| ~ pL 1
|Foet] ~ pL2VAV

We now observe the viscous force acting on a particle: it is proportional
to the shear effort and a representative acting surface L?. The shear can
be modeled as proportional to the viscosity p and the rate of strain, which
will grow proportionally to AV/L. We thus obtain a crude measure for the
magnitude of the shear force:

, AV,
|viscous force| ~ pTL

|ﬁviscous| ~ /lA VL

The magnitude of the viscous force can now be compared to the net force:

Inet force| pL*VAV — pVL
|viscous force| pAVL — p

= [Re] (A/36)



and we recognize the ratio as the Reynolds number (8/12 p. 164). We thus see
that the Reynolds number can be interpreted as the inverse of the influence
of viscosity. The larger [Re] is, and the smaller the influence of the viscous
forces will be on the trajectory of fluid particles.

A5.2 Acceleration vs. gravity force: the Froude number

The weight of a fluid particle is equal to its mass, which grows with pL?,
multiplied by gravity g:

|weight force| = |ﬁw| ~pL’g

The magnitude of this force can now be compared to the net force:

t f L2V V?
net force] _p - =[] (A/37)
|weight force| pLg Lg

and here we recognize the square of the Froude number (8/11 p. 164). We thus
see that the Froude number can be interpreted as the inverse of the influence
of weight on the flow. The larger [Fr] is, and the smaller the influence of
gravity will be on the trajectory of fluid particles.

A5.3 Acceleration vs. elastic forces: the Mach number

In some flows called compressible flows the fluid can perform work on itself,
and and the fluid particles then store and retrieve energy in the form of
changes in their own volume. In such cases, fluid particles are subject to
an elastic force in addition to the other forces. We can model the pressure
resulting from this force as proportional to the bulk modulus of elasticity K
of the fluid (formally defined as K = p dp/dp); the elastic force can therefore
be modeled as proportional to KL?:

|elasticity force| = |ﬁe1astic| ~KIL?

The magnitude of this force can now be compared to the net force:

Inet force| pL?V?  pV?
lelasticity force] ~KI? K

This ratio is known as the Cauchy number; it is not immediately useful
because the value of K in a given fluid varies considerably not only according
to temperature, but also according to the type of compression undergone by
the fluid: for example, it grows strongly during brutal compressions.

During isentropic compressions and expansions (isentropic meaning that the
process is fully reversible, i.e. without losses to friction, and adiabatic, i.e.
without heat transfer), it can be shown that the bulk modulus of elasticity is
proportional to the square of the speed of sound c:

K|reversib1e = CZP (A/38)

The Cauchy number calibrated for isentropic evolutions is then

|net force| pV?: V2 )
- == =M A/39
lelasticity force|reversibe K c2 Ma] (A/39)
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and here we recognize the square of the Mach number (1/10 p. 16). We thus
see that the Mach number can be interpreted as the influence of elasticity on
the flow. The larger [Ma] is, and the smaller the influence of elastic forces
will be on the trajectory of fluid particles.

A5.4 Other force ratios

The same method can be applied to reach the definitions for the Strouhal and
Euler numbers given in §8.2 p. 161. Other numbers can also be used which
relate forces that we have ignored in our study of fluid mechanics. For exam-
ple, the relative importance of surface tension forces or of electromagnetic
forces are quantified using similarly-constructed flow parameters.

In some applications featuring rotative motion, such as flows in centrifugal
pumps or planetary-scale atmospheric weather, it may be convenient to ap-
ply Newton’s second law in a rotating reference frame. This results in the
appearance of new reference-frame forces, such as the Coriolis or centrifugal
forces; their influence can then be studied using additional flow parameters.

In none of those cases can flow parameters give enough information to predict
solutions. They do, however, provide quantitative data to indicate which
forces are relevant in which places: this not only helps us understand the
mechanisms at work, but also distinguish the negligible from the influential,
a key characteristic of efficient scientific and engineering work.



A6 Details of the winter 2020-2021 final
examination (updated February 2021)

The final examination for this course in the winter semester 2020-2021 is an
open-book, take-home exam which will take place on February 18, 2021
from 14:00 to 16:00. The most important information is as follows:

« This is a take-home exam: you may consult your notes, books, use
software and resources offline or online.

+ You must take this exam alone: you cannot interact with anyone online
or offline during the exam.

+ The exam lasts 90 minutes. Additionally, 30 minutes are provided for
the the scanning and upload of your answer.

+ You will receive the assignment per email shortly before the start. You
must scan your answer with your student card on each page, and send
it as a single-PDF file to fluidmech@ovgu.de using your academic email
before the end of the exam.

« In the winter semester, this online examination grade is the only grade
you receive in this course.

You can download the template of the exam at
https://fluidmech.ninja/exams/exam_20210218_template.pdf.

The complete list of examinable problems (unchanged from the 2020 exam)
is as follows:

2223242526

323334353.63.73.83.9

44454647

5253545556

6.263646.56.66.76.9

7374757.67.77.8

8.28.48.5

Chapter 9 is not examinable this semester

10.2 10.3 10.4 10.5 10.6

Chapter 11 is not examinable this semester

Three problems will be given, all mandatory. The first problem (10 pts is
exercise 6.2 p.131. The two other problems (45 pts each) are extracted from
the list above, and modified slightly. Typically, the input data is changed, as
well as the problem geometry. The method for solving the problems remains
the same.

A formula sheet is provided. It is the sum of the preambles of every problem
sheet in the lecture notes. It includes the Moody diagram and the viscosity

111 exercise 4.6, only the calculation of the vertical force Fiop is examinable.

Video: The companion video to
this exam briefing (2020)

by Olivier Cleynen (CC-BY)

https://youtu.be/6vnK7-VsKXc

Video: How to survive the exam-
ination (2020)

by Olivier Cleynen (CC-BY)

https://youtu.be/GD0]_5XqVoc
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diagram used in the problem sheets. You should definitely have a calculator
with you, to facilitate calculations.

The criteria for grading your answers are:

« You must show your work in all answers;

« Answers to questions starting with “show that” should be particularly
well-developed and continuous;

« Illegible or ambiguous answers are always discarded.

Examinations from previous years, and their full solution, are available on
the course website (https://fluidmech.ninja/). Since the course content has
changed over time, you might find a few differences:

« Problems involving calculating compressible air flow using tables are
no longer examinable;

« A problem involving a ball fountain (“Kugel fountain”) is no longer
examinable;

« Viscosity values were read in a different diagram, and may not match
values read in the 2020 viscosity diagram.

You are welcome (and in fact encouraged!) to ask me questions of all sorts
about the exam. You may contact me as described in the introduction, page 7.
I wish you to have productive and joyful revisions!

Olivier
February 2021
(updated February 12, after cancellations following covid-19 restrictions)


https://fluidmech.ninja/

A7 Example of previous examinations

The following pages present the final examinations for this course in 2020
and 2021, and their full solutions.
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Fluid Mechanics examination — July 11, 2019

Fluid Mechanics for Master Students
Solve problem 1, plus three other problems among problems 2 to 6.

Duration: 2 h - Use of calculator is authorized; documents are not authorized.

Except otherwise indicated, we assume that:

Fluids are Newtonian

The atmosphere has pagm. = 1bar; pam. = 1,225kgm™; Ty, = 11,3°C; flaym, = 1,5- 107 Pas
Air behaves as a perfect gas: wm:uwm:WmL KL Yair=1,4; Cp air=1 oomiﬂmL K¢, w:uﬁmgwmuﬂ K1t

Liquid water is incompressible: pwater = 1000kg E\w“ Cpwater = 4 Hwo.:am\_ K!

Balance of mass in a considered volume with steady flow:

0 = Z[pV.A] +2[pV.A]

where V| is negative inwards, positive outwards.

incoming outgoing A:

Balance of momentum in a considered volume with steady flow:

Faetonfluid = = Ta\ﬁn:\_. - +2 Ta\k><_ ) (2)
incoming outgoing
where V| is negative inwards, positive outwards.
Balance of energy in a considered volume with steady flow:
. . . p 1
@:aﬁ.‘,grmmﬂsmﬁ = X|m ~+N+M<N+WN
1_,
+2 |m| i m+\<N+wN 3)
b 2 out

where i is negative inwards, positive outwards.

Mass balance through an arbitrary volume:

0= 5 [ oave [[ o iar @

Momentum balance through an arbitrary volume:

Fu = 5 Il 7w [[ o7 G- an )
dt ey cs

Angular momentum balance through an arbitrary volume:

N d R . . . .
Muetx = \\\\ 5_>E\a<+\\ m AP (Viel - H)V dA (6)
dt Wev s

Continuity equation for incompressible flow:

- o

V-V =0 (7)

Navier-Stokes equation for incompressible flow:

DV . - e
Df - PETVPHIVV ®

In a highly-viscous (creeping) steady flow, the drag Fj, exerted on a spherical body of
diameter D at by flow at velocity V. is quantified as:

Nubmnrmnm = mﬁ.t VoD AOV

In cylindrical pipe flow, we assume the flow is always laminar for [Re], < 2300,

and always turbulent for [Re], 2 4000. The Darcy friction factor f is defined as:

_DDOwL
= 208 10
/ 53PVi to
The loss coefficient K; is defined as:
Apy
K = ‘F ow_ (11)
m\u av.

Viscosities of various fluids are given in fig. 1. Pressure losses in cylindrical pipes
can be calculated with the help of the Moody diagram presented in fig. 2 p.4.

Non-dimensional incompressible Navier-Stokes equation:

-

E)a 5 - o 1 - 1 5,2
St +[1 VvV = g - [EuVp + — V*V° 12
[St] or [1] Eﬁww [Eu] V'p [Re (12)
in which [St] = \%w [Eu] = w\w\%% , [F] = % and [Re] = %

The force coefficient Cr and power coefficient Gp are defined as:
F w
QM = T o 2 Qm =7 3 AHWV
The speed of sound c in air is modeled as:

¢ = \JyRT (14)




Relative Pipe Roughness § |
el S ¥ 7
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Figure 1 - Viscosity of various fluids at a pressure of 1bar (in practice viscosity is almost independent of . . . . .
pressure). Figure 2 - A Moody diagram, which presents values for f measured experimentally, as a function of the
Figure © White 2008 diameter-based Reynolds number [Re]p, for different relative roughness values.
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Solve problem 1,

and three other problems among problems 2 to 6.

The following marking guidelines will be used:

«

« Answers to questions starting with “show that” should be fully-developed and

continuous;

« In all other questions, the correct result with the correct unit is enough to obtain

full points;

« Illegible or ambiguous answers are always discarded.

1 Governing equation

1.1. [5pts] Write out equation (8), the Navier-Stokes equation for incompressible flow,

in its fully-developed form in three Cartesian coordinates.

1.2. [5pts] Write out equation (7), the continuity equation for incompressible flow, in

its fully-developed form in three Cartesian coordinates.

2 Observation window in a water tank

A water tank used in a laboratory is filled with stationary water (fig. 3). A window is
installed on one of the walls of the canal, to enable observation. The window is hinged

on its top face.
The window has a height of 1,5 m and a width of 3,5 m. The walls of the tank are inclined

with an angle 6 = 70° relative to horizontal.

cross-section view

hinge —>

window —»

Figure 3 — A door installed on the wall of a water tank.

2.1. [15pts] What is the magnitude of the net force applying on the tank window?
2.2. [10 pts] At what distance away from the hinge does this force apply?
Water is added to the tank, so that the water level increases.

2.3. [5pts] How will the distance calculated above change as water is added? (briefly

justify your answer, e.g. in 30 words or less)



3 Piping leading to a turbine

A pipe leads water from one reservoir to a turbine, which discharges into another

reservoir, as shown in figure 4.

turbine

| 4km

Figure 4 — Layout of the water pipe. For clarity, in this figure, the vertical scale is greatly exaggerated. In
the vertical scale, the diameter of the pipe is also greatly exaggerated.

The pipe is made of coarse concrete (roughness 0,25 mm) and carries 800 Ls™" of water
at 20°C. It has a diameter of 1,1 m and features four elbow bends with sharp angles, each

inducing a loss coefficient K}, of 0,75.

3.1. [10 pts] Represent qualitatively (i.e. without numerical data) the pressure distribu-
tion along the length of the pipe, both when the turbine is shut down (without any

flow), and when it is operating.
3.2. [15pts] What is the hydraulic power available to the turbine?
The outlet tank on the right is very large, so that its water level does not vary. The source

water tank on the left, however, sees its height decrease as the water is emptied through

the turbine. Ultimately, as the water level decreases, the water stops flowing entirely.

3.3. [5pts] When the water stops flowing, what will be the height of the water level in

the source tank on the left?

4 Boundary layer on a flat plate

A thin and smooth plate with width W = 0,6 m and length L = 2m is placed with a

1

zero angle of attack in atmospheric air flow incoming at 21 ms™', as shown in figure 5.

We would like to study the shear exerted by the flow over the top surface of the plate.

m 0
2 QS

\

U

Figure 5 — A thin plate positioned parallel to an incoming uniform flow.
Figure CC-0 o.c.

4.1. [5pts] At what distance x, along the plate, approximately, will the boundary layer

transit and become turbulent?

4.2. [10pts] Starting from equation (21), which quantifies the friction factor ¢; (see

definition 15) in a laminar boundary layer,

0,664
Gy =

[Re], @

show that the shear force F; jyminar €xerted in the laminar section of the boundary

layer is:
3 1
T‘a laminar = 0,664 z\g u:w .x.%. ANNV
4.3. [5pts] What is the shear force exerted on the top surface of the plate by the laminar

section of the boundary layer?

4.4. [5pts] What is the shear force exerted on the top surface of the plate by the

turbulent section of the boundary layer?

4.5. [5pts] Would the boundary layer become thicker if the velocity was increased?

(briefly justify your answer, e.g. in 30 words or less).



5 Velocity measurements in a tunnel

A group of students proceeds with speed measurements in a water tunnel. The objective
is to measure the drag applying on a an object with constant cross-section, positioned

across the tunnel test section (fig. 6).

Uy = U Ua(y)

O

Figure 6 — An object with constant cross-section positioned across a water tunnel. The object spans
completely across the tunnel (in the z-direction). The horizontal velocity distributions upstream and
downstream of the profile are also shown.

Figure CC-0 o.c.

Upstream of the object, the water flow velocity is uniform (u; = U = 3,2ms™).

Downstream of the object, horizontal velocity measurements are made every 5 cm across

the flow; the following results are obtained:

vertical position y (cm) | horizontal speed u, (ms™)
0 3,2
5 3,2
10 3,15
15 3,14
20 3,03
25 2,92
30 2,81
35 2,87
40 2,89
45 2,97
50 3,19
55 3,2
60 3,2

The width of the profile (perpendicular to the flow, in the z-direction) is 70 cm. The water
has uniform temperature and density (20 ‘C, 999 kg m™) and the pressure is uniform

across the measurement surface.

5.1. [20 pts] What is the drag force applying on the profile?

5.2. [10 pts] If water was replaced with a fluid with higher viscosity, how would you
expect the drag force to change? (briefly justify your answer, e.g. in 30 words or

less)

6 Lift and drag on a rotating football

A group of fluid dynamicists investigates the air flow around a football. In particular,
they are interested in the forces applying on the ball when it has been kicked and is
flying through the air. The football has diameter 22 cm, a weight of 430 g; it is traveling
at 70kmh™.

In order to observe the flow, they install a steel sphere in a wind tunnel (figure 7). The

sphere has a diameter of 1,1 m. Drag force measurements are carried out in the tunnel.

S::-._n_ ,

Figure 7 — A steel sphere positioned in a wind tunnel. The sphere is maintained stationary, while the air
travels with speed Viypnel- Force measurements are carried out on the ball.

Figure CC-0 o.c.
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6.1. [5pts] What is the wind tunnel speed required, so that the flow around the real
football is reproduced around the sphere in the tunnel?

6.2. [5pts] With the speed calculated above, by which factor should the drag force

measured in the wind tunnel be multiplied, in order to obtain the drag force on the
real football?

The fluid dynamicists now investigate the effect of spin on the ball. When the football

is rotated along a horizontal axis during travel, a lift force exerts laterally on the ball,
curving its trajectory. This is represented, from above, in figure 8.

In order to quantify this effect, the wind tunnel sphere is rotated in the wind tunnel, and
measurements are carried out; the results are plotted in figure 9.

a\moo:um:

\
\

'
'
l
|

Drag

Tm:nn 8 — Trajectory of a rotating football in free flight, as seen from above. A lift force exerts towards the
left, and deviates the trajectory towards the left.

Figure CC-0 o.c.

11

0.8

0.6

Smooth sphere

0.2

oD/2U
Figure 9 — Experimental measurements of the lift and drag coefficients applying on a rotating sphere in an
steady uniform flow.

Figure © from Munson & al. 2013

6.3. [10 pts] How many rotations per second are required in order to generate a lift
force of 3,1 N on the real football when it travels?

6.4. [5pts] What is then the corresponding drag force ?

6.5. [5pts] Propose and quantify one possibility for the football player to double the
lift force applying on the ball.

12



Solution: Fluid Mechanics examination — July 11, 2019

Fluid Mechanics for Master Students

fluidmech.ninja

1 Governing equation

1.1 N-S equation question

pl—+u—+v—+w—
at ox ady 2z

v v v v
pl—+u—+v—+w—
ot ox ay dz
ow ow ow ow
pl——+u—+v—+w—

Ip
= P8« mx+t
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ubm<|®+t
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= P8 mn.fc
v Idw
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Jdy 0z
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+

+

+

*u
(0y)?

v
(9y)?

*w
(9y)?

+
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2 Observation window in a water tank

2.1 Net force

We define coordinates r and z, and the length L;, as shown in the figure below.

Tfhax k

The force on a small section of door with length dr and width W is dF. On the complete

door, the force applying due to the net pressure p, of water and air is:

r=Rmax
Nn,:oﬁ = \ ﬁ:u Amv
r=0
r=Rmax
= \\ Pnet ds AOV
pra
= \\ Pret wdr A.Nv
e
= \ pgzWdr 3)
r=0

A coordinate transform is needed to solve the integral, expressing z as a function of R.

This is obtained by geometry:

Z = Zpin +rsin@ 9)



Inserting eq. 9 into eq. 8, we continue with:

r=Rmax

Foet = \ P8 ANEF +rsin %v wdr AHOV

0 r=Rmax
=pgW (Ziin + rsin 0)dr (11)

e
=pg S\\ (Lysin 6 + rsin 6)dr (12)

0 1 r=Rmax
=pg S\mng:ﬁfmwN (13)
r=0

= pg Wsin 0 (L Ruax + 0,5Rmax’) (14)
= 10° x 9,81 x 3,5 x sin(70°) (0,8 x 1,5 + 0,5 x 1,5%) (15)
= 75014N (16)
Fot = 75,01kN (17)

2.2 Distance from hinge

We first calculate the moment exerting about the hinge due to the net pressure of air and

water, using the same notation as above:

r=Rmax
Moet = \ rdF (18)
prE
= \ rpgzWdr (19)
prE
= \ rp & (Zuin + rsinf) Wdr (20)
- r=Rmax
= EWS\\V r(L;sin @ + rsin 0)dr (21)
r=0
) 1 , 1, r=Rmax
=pg S\mEQTPx +=r (22)
2 3 r=0
1
= 10% x 9,81 x 3,5 x sin(70°) Ao,m x 0,8 x 1,5% + 3% ﬁ%v (23)
= 65335Nm (24)
Myt = 6534kNm (25)

The distance away from the hinge Ry is obtained by dividing the moment by the force:

>\~=mﬂ
Rr = 26
r s R (26)
75014
= — (27)
65335
Rp = 0,87m (28)

2.3 Change in distance

Increasing water height translates (only) in an increase of the value of L, in the equations
above. Both M, and F, increase together with L, (egs. 14 & 22), so it is not immediately

apparent how Ry changes in eq. 26.

Several possibilities can be used to find the answer:

« Substituting xL, instead of L, and comparing the two radiuses, one can write:

Rpz < Rp (29)
thlﬂmsmx + w%w:mx < WN&NW:E + w%w:ux AWOV
XL R + 2RE LiRoa + 1RO

1< x (31)

(it is even possible to show, using this equation 30, that Rr tends towards Ry,.,/2 as

L, increases);

« It is possible to observe graphically that the center of application of the force
moves closer to the hinge when the net pressure distribution is changed due to the

increase in Lj;

« It is also possible to calculate manually one or several new values for Rr;

All those methods will provide some evidence that the distance Ry will in fact decrease

when L, is increased.



3 Piping leading to a turbine

3.1 Pressure distribution

PINYC e

/
! H \

4

Ul bike

3.2 Turbine power

We want to calculate three pressure drops:

+ Pressure drop due to wall friction losses along the pipe, Apy: The average velocity

in the pipe is

.uv
<w<, = W Awmv
.ﬂv
= (33)
T
0,8
- i (34)
T X e
Vi, = 0,842ms™! (35)

The Reynolds number is

pVar.D
H
10% x 0,842 x 1,1
107°
[Relp = 9,251-10°

[Re] D =

The relative roughness is

0,25-1073
1,1
2,27 -107*

Slo oo

With those values, the Moody diagram reads:

f = 00158

Finally, the wall friction losses along the pipe are calculated as:

1 L
Apr = ~f=pVE =
pr = foPVap
1., ,4-10°
= -0,0158-10°0,842* ———
2 1,1

Aps = -2,03-10*Pa

« Pressure drop due to losses in the four bends, Appenas:

1
D?m:am = —-4x Nﬂwaa\%ﬂ
1 3 2
= -4x0,75 x 3 x 107 x 0,842
APyends = —1,06 - 10° Pa

« Pressure drop due to hydrostatic pressure change across the turbine, Apj:

Apn = pg(Az)
= 10 x 9,81[4 - (25 + 51)]
Apy, = -7,06 -10°Pa
6

(36)

(7
(38)

(39)

(40)

(41)

(42)

(43)
(44)

(45)

(46)
(47)

(48)
(49)
(50)



Finally, the turbine hydraulic power is obtained as:

S\E»Ebm = avADNuE_‘E:mv
av AD%E - Dﬁ.\ - Dﬁvm:amv
0,8 x [-7.06 - 10° = (2,03 - 10%) - (1,06 - 107°)]

= -5479-10°W
Woabine = —547,9kW

3.3 Residual water height

(1)
(52)
(53)
(54)
(55)

The water will flow until air is entrained (“sucked”) into the pipe inlet. At this point, the

residual water height in the left tank will be 8 m.

4 Boundary layer on a flat plate

4.1 Transition point

The transition point occurs at [Re], = 5-10°. Solving for x,, we have:

U x;
Rl = 2=
I
R
X, = [ &x:.t
pU
_5-10°x1,5-107°
- 1,225 x 21
X = 0,29m

4.2 Shear in laminar section

(56)
(67)

(58)
(59

We start with the given equation and implement the definition (15) of the formula sheet,

as well as the definition of the distance-based Reynolds number [Re],:

0,664
Gy =

[Re],
Twall, laminar 0,664

-1
pUx\ *1 ,
Twall, laminar = 0,664 | —— —-pU
u 2

_1
Twall, laminar = 0,332 /ppt Ux2

The shear force is the integral of the shear with respect to area:

ﬁmrmmn laminar = \» Twall, laminar ds

(60)

(61)

(62)

(63)

(64)

We split the total area covered by the laminar boundary layer in strips of width W and

length dx, with x ranging from 0 (leading edge) to xi, (where the laminar part of the



boundary ends), obtaining:

X=Xir.,

m.mrnwr laminar ~ \\ ﬂingmx AOmv

XH»WHX:‘ 1
= \ 0,332 /pp UYx"2 W dx (66)

x=0
Xir.
= 0,332/pp UPW \ x7% dx (67)
0 H Xir.
= 0,332 UPW | ————x " 68
% -0,5+1 0 (68)
= 0,332pp U W 2 x%° (69)
3 1

F laminar = Ovom%/\g Uz W x. A‘NOV

4.3 Value of shear in the laminar section

We simply insert values into eq. 70:

Frlaminar = 0,6644/1,225 x 1,5 - 107 212 x 0,6 x 0,292? (71)

F: laminar = 0,0887 N A‘NNV

4.4 Shear in turbulent section

The process is the same in the turbulent part of the layer, with 7.y turbulent derived from

equation (19) in the formula sheet:
1 AN
Twall, turbulent = o,oqubQN Abﬂv X7 (73)

This is integrated with respect to area, with x ranging from x, (where the turbulent

section begins) to X,y (the trailing edge of the plate):

X=Xmax
F, shear, turbulent = \ H.Em:S\n—N. A.NNC
= 0,0135 nmqﬁms\\ X7 dx (75)
Atr.
6 131 6 ] Xmax
= 001575 p’ U7 i W TL (76)

Xir.
6 6

0,01575 x 1,2257 x 217 x (1,5 - 107°)7 x 0,6 x Amm - ovm@ﬁv (77)

Numrmmr turbulent = 0,961N A,va

4.5 Thickness

Models for the boundary layer thickness are given in the formula sheet as equations 16
and 18 for § (one for the laminar section, the other for the turbulent section). In both, the
Reynolds number [Re], appears in the denominator (the lower part of the fraction). As
U is increased, [Re], will increase too, and consequently, the thickness of the boundary

layer will decrease.

10



5 <®HOOwJ\ measurements in a tunnel We insert the expression for h; obtained above in this last expression, continuing as:

1 [ hy
—Fpet = |bhm\ Uyy) dy + bﬁ\ :w@ dy (87)
5.1 Drag force B o
= bh\ Amwg - Uuyy)) dy (88)
We build a control volume around the object: 0
W, .
RN o ;w Instead of a function u, = f(y), we have discrete values. The integral is therefore
approximated as:
“lhet = EH\M AQWI QHQNV @w\ AmOV
y
= pLY [w(uy - Uh)] By (90)
y
~Foe = pLY[3.2(3.2-3.2)
y
+3,2 (3,2 -3,2)
‘\v +3,15 (3,15 - 3,2)
- tv L | +3,14 (3,14 - 3,2)

3,03 (3,03 -3,2
We use a mass balance equation to quantify the height i, of the inlet: * ( )

+2,92 (2,92 - 3,2)

d -
0= H\\\ u&f\\ p (Ve - ) dA (79) +2,81 (2,81 - 3,2)
cv cs
- - \\ P Vin| dA + \\n_s;,_ dA (80) +2,87 (2,87 - 3,2)
hy hy +2,89 (2,89 - 3,2)
B %h\o Udy :F\o vty 4y 1) +2,97 (2,97 - 3,2)
hy
= —pLUh, + EL\ Uy(yy dy (82) +3,19 (3,19 - 3,2)
1 [h ’ +3,2(3,2-32)
m = m\o to 4y (®3) +32(32-32)] 8y (91)
The drag force is quantified using a momentum balance equation, which reduces to a = 999 0,7 x (~5,3325) x 0,05 (92)
scalar equation in the x-direction: = -186,45N (93)
. d R Lo Fet = 186,45N (94)
Fo = l\\\ E::f\\ pV (Vi - 1) dA (84)
dt [ev cs
- - \\ Pl Vinl? dA + \\ plVoul? dA (85) Foet is the net force exerted on the fluid by the object. It is positive in the x-direction.
net — in out
i The drag force is the force exerted on the object on the fluid, and so is pointing in the

-pLh, U} + pL \o' :WS dy (86) opposite direction (flow-wise direction): Fy,y = -186,45N.

11 12




5.2 Dependence on viscosity

Viscosity does not appear in equation (90) above. Nevertheless, an increase in viscosity
will translate into higher shear, and so it is likely that the object will affect a larger
amount of fluid around itself. This will result in a larger velocity deficit (reduced values
of u, in the tabled measurement values). The expression for Fy.,z will not change, but its

value will increase.

13

6 Lift and drag on a rotating football

6.1 Required wind tunnel speed

The two flows will have identical behavior if the Reynolds numbers are equal. With 1

denoting the real football, and 2 denoting the wind tunnel sphere, we have:

[Rel; = [Rel, (95)
bm“bg _ bANUN (96)
D
V, = s% 97)
2
70 0,22
T 36 1,1 %8)
= 3,89ms! (99)
V, = 14kmh™! (100)

6.2 Ratio of forces

Since the two flows are dynamically similar, the force coefficients are the same. Consid-

ering the lift coefficients,

Cy = Cpp (101)
L L
I %i T %i (102)
P21V P22 Vi
L L
M_ 2 NN 2 (103)
bHa\H @N<~
L D? Vv?
“_ A (104)
L, DV}
V2?2
= 2L (105)
ViVv;
L
— =1 106
- (106)

So, the forces will be identical on both the wind tunnel model and the real football.
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6.3 Rotation speed

The desired lift force is L; = 3,1 N. This corresponds to a lift coefficient of:

L
Cu = 1= (107)
' wb.mm Vi
L
g con
P Vi
3,1
- (109)
0,5 % 1,225 x 7 x %2 x 19,44
Cu = 0352 (110)

Inputting this value in figure 9, one corresponding value of wD/2U is 1,51. This allows

us to obtain a value for w (other higher values also work):

w D
1o 151 (111)
20,
1,51 x 20,
w = % (112)
1
_ 1,51 x 2x 19,44 (113)
B 0,22
= 266rads™’ (114)
w; = 42,5rotations/s (115)

6.4 Drag force

The chosen value of wD/2U corresponds to a drag coefficient reading of 0,56 in figure 9.

Inputting this in the definition for the drag coefficient, we can solve for the drag Fp:

F,
0,56 = Cp; = w&‘ﬁ\m (116)
Fp; = 0,56 x W\Sb%& (117)
= 0,56 x 0,5x 1,225 x 7 o,MNN x 19,44° (118)
Fpy = 493N (119)

6.5 Doubling of lift force

The force is “easily” doubled by multiplying the speed V; by a factor v2: V3 = 2V;.
We obtain the same lift coefficient (C3 = Cp; = 0,352). The rotation speed has to be

adapted according to the expression 112: we obtain w; = 60,1 rotations/s.




Fluid dynamics examination — September 21, 2020

Fluid Dynamics for Engineers by Olivier Cleynen
Solve problem 1, plus three other problems among problems 2 to 6.

Duration: 2 h - Use of calculator is authorized; documents are not authorized.

Except otherwise indicated, assume that:
The atmosphere has patm, = 1bar; patm. = 1,225kg m3; Tym, = 11,3°C; flatm, = 1,5- 1075 Pas
Air behaves as a perfect gas: Ryir=287Jkg ™ K™'; yair=1,4; ¢p 2ir=1005J kg ' K™% ¢y =718 kg ' K™!

Liquid water is incompressible: pyater = 1000kg m3, Cpwater = 4 HmoiﬁmL K!

Balance of mass in a fixed control volume with steady flow:

0 = S[pV.A]

where V| is negative inwards, positive outwards.

incoming +2 _H\u A\F>H_o_.:mow=w AHV

Balance of momentum in a fixed control volume with steady flow:

>

Feetonfluida = 2 ﬁba\\r\wmu— +2 _HE<F>AWH— ANV

incoming outgoing

where V| is negative inwards, positive outwards.

Balance of energy in a fixed control volume with steady flow:

©=3+S\mrmmr:mﬁ = X|m ~.+N+M<N+%N
P in
P 1,
2| mli+=+=-V"+gz 3)
P 2 out

where ri is negative inwards, positive outwards.

Mass balance through an arbitrary volume:

0= 5 [ eeve [[ o as @

Momentum balance through an arbitrary volume:

Foet = M\\\ Ew%f\\ PV (Ve - 1) dA 6)
at ey s

Angular momentum balance through an arbitrary volume:

. d L - . L
Mo = \\\\ 5%2?\\ Fem 7 p (Vi - M)V dA ©)
dt ey s

Shear force on a flat solid surface:

F, shear, direction i = \w\\ Tdirection i &,w A.Nv
S

Shear in the direction j, on a plane perpendicular to direction i:

Il = 5% ®
Continuity equation for incompressible flow:
V-V=0 (9)
Navier-Stokes equation for incompressible flow:
DV L o -
Df = P8PV (10)

In a highly-viscous (creeping) steady flow, the drag Fj, exerted on a spherical body of
diameter D at by flow at velocity V., is quantified as:

Fpsphere = 3mpVeD (11)

In cylindrical pipe flow, we assume the flow is always laminar for [Re]p, < 2300,
and always turbulent for [Re]p = 4000. The Darcy friction factor f is defined as:

~

|A Pross|
= 17osst 12
I vy @
The loss coefficient K] is defined as:
> 0SS
K = 0P (13)
mb av.
Viscosities of various fluids are given in fig. 1 p. 4. Pressure losses in cylindrical pipes
can be calculated with the help of the Moody diagram presented in fig. 2 p.5.

The non-dimensional incompressible Navier-Stokes equation:

v Lo 1 - 1 o=
St 1NV .-VV = g - [Eu Vp + — V2V 14
:&}: E; [Eu] P Re (14)
inwhich (5 = §F, [Eul = 2%, [F] = Zezand [Rel = Lt
2




The force coefficient Cr and power coefficient Gp are defined as:
F w
O = — Q = — 15
P = e = e (15)
The speed of sound c in air is modeled as:

¢ = \JyRT (16)

In boundary layer flow, we assume that transition occurs at [Re], ~ 5-10°.
The wall shear coefficient ¢y, a function of distance x, is defined using the free-stream
flow velocity U:

Twall

% = T (7)

Exact solutions to the laminar boundary layer along a smooth surface yield:

W _ 4,91 W _ 1,72 (18)
x J[Rel, x {[Rel,
5 0,664 0,664
IR % R, )

Solutions to the turbulent boundary layer along a smooth surface yield the following
time-averaged characteristics:

) 0,16 S5 0,02
- 1 - % 1 ANOV
x [Re]Z x [Re]?
o 0,016 0,027
— = T 0\3 = T ANHV
x [Re]? [Re]?

2x1072 2Mx107°
-2 J
mewuw 2R 1075
X
-3

MH wm& X  Crude Oil

5x107 F2x107
» 4x1073 * »
& L 10 £
g 310 =
o)
EF 2x107 F1Bx 107 $
o <
= g
“ 5]
o
S8 - S8
> xww‘w. F1Bx 1070
‘B mx -4 3
S 7x107* S
2 6x107 2
=~ 5x107 @10

4x107™* llx Water

3x107*

2%10- - 1Rx107°

107 T r T T T 107°

-20

0 20 40 60

80 100 120

Temperature T in degree Celsius (°C)

Figure 1 — The viscosity of four fluids (crude oil, water, air, and C02) as a function of temperature. The scale
for liquids is logarithmic and displayed on the left; the scale for gases is linear and displayed on the right.

Figure CC-By by Arjun Neyyathala & Olivier Cleynen



Moody Diagram
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Figure 2 - A Moody diagram, which presents values for f measured experimentally, as a function of the
diameter-based Reynolds number [Re]p, for different relative roughness values.

Diagram CC-By-sA S Beck and R Collins, University of Sheffield
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Solve problem 1,

and three other problems among problems 2 to 6.

solve

choose three
among those

(you can attempt more, but
only the best three will
count towards your mark)

The following marking guidelines will be used:

problems

@LOHLO ©

« Answers to questions starting with “show that” should be fully-developed and

continuous;

« In all other questions, the correct result with the correct unit is enough to obtain

full points;

« Illegible or ambiguous answers are always discarded.



1 Navier-Stokes equation 3 Governing equations

1.1. [5 pts] Write out equation (10), the Navier-Stokes equation for incompressible flow, We consider a two-dimensional fluid flow described with the following velocity field,
in its fully-developed form in three Cartesian coordinates. described in Cartesian coordinates x and y in ms™:
1.2. [5pts] In which flow conditions does this equation apply? - (2Ax - O)i + (-2 Ay - Bx)j

where A, B, and C are all constants.

3.1. [5pts] Show that this flow satisfies the continuity equation for incompressible flow
(equation 9).

3.2. [10 pts] What is the acceleration field corresponding to this flow?

2 Pressure forces on the @Nsmwm ofa _um.m.mm 3.3. [5pts] What is the value of acceleration at a point of coordinates (3; 3)?

3.4. [10 pts] Does a function exist to describe the pressure field of this flow, and if so,
A large barge is being built with the dimensions shown in figure 3. Once completed, it what is it?
will be floated in a lake. The bottom panel of the barge will then sit horizontally, 2m

below the surface of the water.

[

0=30°

20m i

Figure 3 - Basic layout of a barge

2.1. [15pts] What is the magnitude of the force resulting from pressure efforts on each
of the panels labeled A, B and C?

2.2. [5pts] How would the force on panel C change if the angle 6 was increased? (briefly

justify your answer, e.g. in 30 words or less)

2.3. [10 pts] What is the weight of the barge?




4 Pipe installation with a pump-turbine

! of water at 20 °C from

Engineers in a chemical company would like to pump 50L s~
reservoir A to reservoir B in the installation drawn below in figure 4. The network is
built with a cylindrical pipe made out of concrete (surface roughness € = 0,25 mm), with

a diameter of 12 cm. The Y-junction induces a loss coefficient of 0,2.

L, ; A

N\M N\m

L a |h
6

v . @) v
H Lg

L, pump/turbine . v
L,

Figure 4 - Basic layout of the piping network

The installation lengths are as follows:

Ly = 15m L; = 16m
L, = 12m Ly = 6m
Ly = 8m L, = 5m
Ly, = 14m

4.1. [10 pts] What is the hydraulic power that the pump must provide, in order to deliver

the required volume flow?

4.2. [10pts] On a diagram, represent qualitatively (i.e. without numerical data) the
pressure distribution along the length of the pipe, indicating both the top and the
bottom paths followed by the water.

4.3. [10 pts] If the water was to be transferred back from reservoir B to reservoir A, the
pump/turbine device would be operated as a turbine. In that case, what would be

the hydraulic power available to the turbine?

5 Friction on a flat plate

A laboratory is developing a special oil with Newtonian fluid characteristics. An experi-
ment is set up to measure its viscosity. For this, a thin layer of oil is poured at the bottom
of a tank with rectangular walls. A flat plate is moved perfectly horizontally, sitting flush

with the surface of the oil. A force measurement is carried out.

The plate has width W = 40 cm and length L = 60 cm. It is moved at 15cms™ at the

surface of the oil, which is at a distance D = 4 mm above the bottom of the tank.

Figure 5 - Flat plate moved horizontally at the surface of a layer of oil, at the bottom of a tank

The flow below the plate is smooth, steady, and laminar, so that the velocity distribution

in the oil between the plate and the bottom of the tank is entirely uniform.

5.1. [10 pts] What is the relationship between the viscosity of the oil and the drag force

due to shear on the bottom side of the plate?

The magnitude of the drag force resulting from the shear exerted by the oil is measured

as Fyrag = 0,47N.

5.2. [5pts] What is the viscosity of the oil?

10



On the top surface of the plate, in the air, there is enough space for a boundary layer to
develop. The scientists in the laboratory would like to check that the drag force generated
by this boundary layer does not influence the measurement. The air in the room has

properties 1bar and 20 °C.

5.3. [10 pts] Starting with equation 19 for the friction coefficient in a laminar boundary

layer:

0,664
Gy = /\ﬂ (19)
show that the relationship between the shear force on the top side of the plate and
the properties of the air is:

1

. NL m m
Fop = 0664W Aﬁv e (22)
air

5.4. [5pts] What is the magnitude of the force exerted by the air on the top surface of
the plate?

6 Pickup truck with snow plow

A pickup truck is equipped with a snow plow blade. It travels steadily at 30 kmh™ in
20 cm of snow with density pow ground = 400kg m, with the blade angled at @ = 60°.
The snow is deflected along the blade, compacted by the movement, and it exits with
density psnow compacted = 600kg m~ at velocity NE&:E% relative to the truck. The cross-
sectional area of the rejected snow is Aguer = 0,55 m?, measured in a plane perpendicular

|v
to a\mzcé\ truck-

SE&QE& =30 km/h

a\m:oi\:,:o_ﬂ \

Figure 6 — A pickup truck using a large blade to clear snow

Pickup drawing CC-0 by en:Wikipedia User:Wikideas1; diagram CC-0 Olivier Cleynen

6.1. [15pts] What is the force exerted on the blade by the snow?
6.2. [5pts] What is the power required for the truck to plow the snow?

6.3. [10 pts] How would the power change if the angle o was reduced? (briefly justify

your answer, e.g. in 30 words or less)




Solution: Fluid Dynamics examination — Sept. 21, 2020

Fluid Dynamics for Engineers by Olivier Cleynen

https://fluidmech.ninja/

1 Governing equation

1.1 N-S equation question

ou ou  ou  ou . u . u . ’u
—tUuU_—+tv_—+w_—| = -
Plat " ox ay 9z Pex= 5 TH (0x)2  (3y)?  (92)?
(1
v dv v v ap ’v  Fv  Fu
— +tUu—+v—+w—| = -+ + +
Plat " ax " Yay TV oz PEYy ™ 5y THGxe T (ay) T (az)
@)
ow dw  dw  Iw . ’w . ’w . ’w
—tuUu—+Uv——+w—| = - =
Plar " %ox dy 0z P&~ 5, T (0x)2 "~ (3y)?  (92)?

®

1.2 Conditions for this equation

This equation applies to all incompressible flows of a Newtonian fluid.

2 Pressure forces on the panels of a barge

2.1 Magnitude of the forces

We define coordinates r, rc, and z, as well as the lengths L4, Lg and L, as shown in the

figure below.
P» Pm

o T A [Fe ]

St View

On each wall, the net pressure applying is that due to water and air from both sides,

Pnet = Pwater T Patm. — Patm. Anmv
= pgz ©)

Wall A

The force on a small horizontal strip of panel with height dr and width L, is dFs. On the

complete door, the force applying due to the net pressure p,e of water and air is:

r=Rmax
F netA = \ dF, A AOV
R
= [ prats )
e
= \ ﬁ:mﬁhmr dr Amwv
R
= \ pgzLadr O
r=0
2



A coordinate transform is needed to solve the integral, expressing depth z as a function

of r. This is obtained by geometry:

Z = Zpax = T (10)

Inserting eq. 10 into eq. 9, we continue with:

r=Rmax
m.:2> = \ E%ANwalw.vh>&~. ::
r=0 -
- pgls [ ) (12)
r=0 . R
= pgla Tazx - LN_ (13)
2 r=0
=p8 H\> ANEwkmex - memn:wxmv AH%V
= 10°x 9,81 x 20 x (2x 2 - 0,5 x 2%) (15)
= 3,924-10°N (16)
m.:mﬂ\w = wom.%wz :,Nv

Wall B

Fyet g is found with a similar calculation. This time, Ly is a function of r, which can be
found by trigonometry:
r

Ly = 18
B tan 0 (18)

Picking up eq. 9 applied to panel B, and inserting eqgs. 10 and 18, we get:

r=Rmax
x
Fun = [ 08 1) g (19)
1 7=Rmax .
=P8 tan 0 J,_, (Zinax = \uv dr (20)
1 1 . 1 7=Rmnax
. et = 51| 21
hwnmgm r e 3 o @
1 1 1
= ~Znax R — = mv 22
mmﬁmbmAm T max g T (22)
3 1 2 Nw
= 10°x9,81x —— x [ 0,5x2x2° - — (23)
tan 30° 3
= 2,266 -10°N (24)
Fotn = 22,66kN (25)

Wall C

Fet c is found with a similar calculation. This time, the relationship between rc and z is

a little more complicated, and found by trigonometry:

Z = Zpax — Fcsin @ (26)

Picking up eq. 9 applied to panel C and inserting eqs. 10 and 26, we get:

rc=Remax
m,:mﬁo = \. P8 ANme —Ic sin %v N\O &NO AN.NV
rc=0
‘ rc=Remax
=pg ho\ (Zinax — re sin 0) dre (28)
rc=0
‘ 1 re=Remax
= pglc ﬁNaixo - —sin m.xm_ (29)
2 rc=0
1.
=pglc AN:E%Q:& -5 sin m.wmaiv (30)
Zoax 1 . 72
= Lc | Z - —sin 0—2— 31
PELC\ fmaxgng ~ 2 M (sin 6)? G
1 1
=P8 Lc sin 0 ANME" - MNNExv Ammv
1 1
= L -7 33
P& nm:\w%m ‘max A v
1
= 10°x9,81x6x ——— x0,5x2° (34)
sin 30°
= 2,3544-10°N (35)
Fotc = 2354kN (36)

2.2 Change in force with angle

If the angle 0 was increased, the term 1/sin 0 in eq. 33 would decrease, and so the

calculated force would decrease.

However, the barge would also sink in more deeply (because the immersed volume, which
is responsible for buoyancy, would have to remain constant). This would result in an

increase in Z>

‘max’?

likely smaller than the decrease caused by the term 1/sin 6.

2.3 Weight of the barge

The weight of the barge is equal to the net force due to pressure on all panels. This can

be calculated either one of two ways:

« Using force components. The weight is equal to the force on the bottom panel,

Fy = pgZmaxLcLa, plus the vertical component of the force on panel C, Foyerticar =



Fyeic cos 6. The sum is:

Nuéﬁmwﬁ = m‘U + m‘0<m_‘:om_

2,558 -1

0°N

Fueight = 2,558 MN

P& ZmaxLcLa + Fyerc cos 0

(37)
(38)
(39)
(40)

« Using the immersed volume and multiplying it by the density of water and gravity

to obtain the buoyancy:

F weight =

F weight =

ﬂpgsmnmmabw
1
b@ Ahm’ + MN&EE”V N\ON:-E"
H NENX
Lp+ = LcZ,
EWA A7 2tang ) ™™
3 1 2
10° x 9,81 x Amo + -
2 tan 30°
2,558 - 10°N
2,558 MN

The mass of the barge is approximately 260 tons.

vxmxm

(41)
(42)

(43)

(44)
(45)
(46)

3 Governing equations

3.1 Continuity equation

The incompressible continuity equation (eq. 9 in the formula sheet) translates in two

dimensions as:

In this case, we have

du Jv d(2Ax - C) 9d(-2Ay - Bx)
+
ox dy ox ay
= 2A-2A

= 0s!

(47)

(48)
(49)
(50)

So the incompressible continuity equation is satisfied, and the flow is incompressible.

3.2 Acceleration field

The acceleration field @ (in m s~?) is:

The x-component of d is

a, =

ay =

N DV
a= —
Dt
vV s Lo
= —+(V-V)V
Jt
u du u
— +U— + U—
ot ox aay
J(2Ax - C J(2Ax - C I(2Ax - C
A=) | aan- )20 | Lopy - py2?AX=O
ot ox ady

0+2AQAx-C)+0
4A%x - 2AC

(1)

(52)

(53)

(54)
(55)
(56)



The y-component of 4 is

ay = —+u_——+uv_— (57)
Jat ox ay
d(-2Ay - B d(-2Ay - B J(-2Ay - B
_ Y B L oax - 0T B | opy gy 2T B0
ot ox ay
= 0- B(2Ax - C) - 2A(-2Ay - Bx) (59)
= —2ABx + BC + 4A%y + 2ABx (60)
a, = 4A’y +BC (61)
So, the acceleration field is, in m s™:
. 4A%x - 2AC
a = (62)
4A%y + BC
3.3 Acceleration at one point
At point with x = 3and y = 3, we have
. 12A% - 2AC ., (63)
oint = ms
fpont 124 + BC

3.4 Function for pressure

We use the incompressible Navier-Stokes equation (eq. 10 of the equation sheet) to express

the acceleration field as a function of the gravity, pressure and shear terms:

DV . - oo
P = PE-Vp+AVV (64)
pd = pg-Vp+ vtV (65)

Splitting that last equation into two components, we get, for the x-component:

ap *u
x = x T L 66
Pax = PBx= o TR G (66)
ap PRAx-C)
4A%x - 2AC) = pgy - — +p———2 67
p (4A%x ) = pge-——+p o (67)
d
p(44%x - 2AC) = E@?%é (68)
X
d .
% = bA|»>Nx+m>O+WxV (69)
X

Likewise in the y-direction, we have

ap v
a, = -+ - (70)
pay = p8y ay .:Qu\vu
ap  d*(-2Ay - Bx)
4A%y + BC) = - tpy———— (71)
p(48%y +BC) = pgy o i
7]
bﬁﬁ»wu\+m6v = bw@|%+o (72)
y
12
% = p(-4A’y -BC+g,) (73)
y
We have:
o
@ ., o)
E =0 = Y (74)
ay ox
which guarantees that there exists a function to describe p.
We proceed to integrate eq. 69 with respect to y:
p=p TN\»NRN +(2AC + wxvx_ + fon (75)

with f a function of y and ¢ only.

To obtain function f, we derivate this equation 75 with respect to y, and compare with

eq. 73:

9 d(p|-2A%* + (2AC + g,) x ,
p _ Q; &) CJQMEV = p(-4A’y-BC+g,) (76)

ay dy
0+ oy = p (-4A’y - BC + g,) (77)

We can now integrate this equation 77 with respect to y to find the function f:

fon = p[-24°" + (-BC+g,) y] + it + po (78)

with i afunction of t only,
and po an arbitrary integration constant.

Inserting this equation 78 into eq. 75, we finally get the function for pressure (in Pa)

corresponding to the given velocity field:

p=p Tmbmxw +(2AC + gy) x_ +p TNK»N%N + Almﬁ + mzv i + i)+ Po (79)
p=p Tmmmxw - 2A%)* + QAC + go) x + A|mO + m@v & + i + Po (80)

All functions i of time, and any initial value p,, may be inserted in equation 80, and it

will still satisfy the incompressible Navier-Stokes equation.



4 Pipe installation with a pump-turbine

4.1 Hydraulic power of pump

We want to calculate four pressure differences:

+ Pressure drop due to wall friction losses along the horizontal pipe, Apy;: The

average velocity in the pipe is

Va1 = 4,42ms’

The Reynolds number is

b<w<,_b
U
10% x 4,42 x 0,12
1073
[Relp; = 5,305-10°

[Re] D1

The relative roughness is

0,25 - 1072
0,12
= 2,08-107°

Slo oo

With those values, the Moody diagram reads:

fi = 0,0241

Finally, the wall friction losses along the pipe are calculated as:

1 L,
App = %@bﬁgm
3 , 15
= -0,0241 x 0,5 x 107 x 4,42° x
0,12
App = -2,944-10*Pa
= -0,29 bar
9

(81)
(82)

(83)

(84)

(85)

(86)
(87)

(88)

(89)

(90)

(91)
(92)
(93)
(94)

+ Pressure drop due to wall friction losses in each of the two branches, Apy,: The

average velocity in the pipe is

<w<. 1

2
Vs = 2,21ms!

Vava =

The Reynolds number is

[Re] D1

mﬂ&bm 2
[Relp, = 2,653 -10°

With the same relative roughness, the Moody diagram reads:

£ = 0,025

Finally, the wall friction losses along the pipe are calculated as:

1 L,
Appy = |bm5<m<.wm
3 2 12
= -0,025x 0,5 x 10 x 2,21° x
0,12
Appy = —6,108 - 10> Pa
= -0,06 bar
« Pressure drop due to losses in the junction, Apjunction:
1 2
DN&.::QE: = KﬁMba\wﬂH
H 3 2
= 0,2 x M x 107 x 4,421

Apjunction = -1,954 - 10° Pa
= -0,02bar

« Pressure drop due to hydrostatic pressure change across the pump, Ap;:

Apn = pg(Ls + Lg — Ls)

= 10°x 9,81 x (16 + 6 - 8)
Apy = +1,373-10° Pa

= +1,37 bar

10

(95)
(96)

97)
(98)

(99)

(100)

(101)
(102)
(103)

(104)

(105)
(106)
(107)

(108)
(109)
(110)
(111)



Finally, the pump hydraulic power is obtained as:

Wourp = V(APpump) (112)
=V (Aph - Apsi = Apyz ~ Apjuncion) (113)
= 0,05 [+1,373 - 10° - (-2,944 - 10") - (6,108 - 10°) - (-1,954 - 10%)] (114)
= 0,05 x [+1,373 + 0,2944 + 0,0611 + 0,01954] x 10° (115)
= +8,742-10°W (116)
Woump = +8,74kW (117)

4.2 Pressure distribution

P A porp OM
mpxnaasxg/ bt o
oy oFF
\_V4 patn
A Pop nchiom 8 >

4.3 Hydraulic power of turbine

If the flow runs from B to A, the magnitude of the pressure differences remains the same.

The hydrostatic pressure difference changes sign, but the pressure losses due to friction

do not:
Wabine = V(APrausbine) (118)
= YV (Aphurbine ~ APyt = Apra = Apjunction) (119)
=V (~Dphpump = App1 = Dpsz = Apjuncion) (120)
= 0,05 x [-1,373 + 0,2944 + 0,0611 + 0,01954] x 10° (121)
= -4,992-10°W (122)
Wiabine = —499kW (123)

So, pumping the flow from A to B costs 8,7 kW of power, but turbining the flow back

down from B to A only generates 5kW of power.

11

5 Friction on a flat plate

The flow can be represented as shown below:

§
/ dwﬁo /g
P

5.1 Shear force on bottom side

Yo

In order to calculate shear on the bottom face, we express the horizontal fluid velocity

below the plate (relative to the plate) in a very simple velocity field:
Ve = u=0+ky (124)

The constant k is found using boundary conditions: at a distance D away from the plate,

the velocity of the fluid relative to the plate is Vjjae:

2_@<HU = a\v_wwm = 0+kD AHNMV
V
k= (126)
So the velocity field becomes:
1
u = D platey’ (127)

12



Now, the shear on the bottom plate is found through integration, starting with equation 7

Foottom = \&Nu = \\vﬁ&m»n ds AHNMWV
S
\\ fome S (129)

x=L
- \ Topate W dx (130)
x

=0

from the formula sheet:

Expressing the shear 7, as a function of the velocity field in a Newtonian fluid, we

continue to get:

x=L
u
m‘vo:oz— = \v Hoil = W dx Auw:
x=0 9y @y=0
=L g (LV,
= toit W 9 (5 Vouey) dx (132)
x=0 mwu\ @y=0
x=L 1
= poa W \ AL\%L dx (133)
x=0 D @y=0
1
Foottom = Hoil S\w a\q_mﬂah Auw%v
Rearranging this equation to solve for y, we get:
F b (135)
Hoil = I o 7
01 ottom A\vr:m L

5.2 Viscosity of oil

The viscosity of the oil is obtained by plugging in values in eq. 135:

0,47 _ 410w (136)
qo= X

Hot = A 0 4% 0,15 < 0,6

lol = 5,22-107%Pas (137)

5.3 Shear force on top side

A boundary layer develops on the top side, in air. That boundary layer would transit at

[Re], =~ 5-10°. Solving for x,, with U (the faraway velocity) being equal to V., and

13

reading the value y,; = 1,85 107 Pas in figure 1, we have:

ir U X
[Rel,, = 2o (138)
.:m:
R xtr.Hair
X, = E AHwOV
\vE_‘Q
air Re air
— Nv _” “_xﬁ.t AH%OV
NNNAEHQ
1-10°x5-10°x1,85-107°
= (141)
287 x (273,15 + 20) x 0,15
Xe = 73,3m (142)

Since X, > L, the boundary layer never transits and remains completely laminar.

To find an expression for 7, we start with the given equation and implement the defi-
nition 15 of the formula sheet, as well as the definition of the distance-based Reynolds

number [Re],:

Gy = (143)

Twall, laminar
. = (144)

wbm: u?
-
1
Twall, laminar = 7 M\uw:\ QN AH%MV
air

Twall laminar = 0.332 /Pacflar U'*x 72 (146)

The shear force on the top surface is the integral of the shear with respect to area:

mow = \ﬂéw:&% AH%.NV

We split the total area covered by the laminar boundary layer in strips of width W and
length dx, with x ranging from 0 (leading edge) to L (trailing edge), obtaining:

x=L
mon = \ ﬁim:%nmk. Au%mv
= \ 0,332 \/Pairtlarr U x 72 W dx (149)
x=0
L
= 0,332 \/Paiflar UPW \ x7% dx (150)
0 . L
= 0,332 \/Paitlar UPW —ﬂxé; o (151)
= 0,332 \Puflar U W 2 L7 (152)
14



O,@@% +/ Pair Hair QW w hw Aumwv

= O.O@%S\Abm:,tm:‘hvw QW Aum%v
1
»ﬁmwatinh z 3
= 0,664W | ———— | U: 155
A %ﬁi v A v
1
NN A
Fp = 0,664 W Aﬁ%v e (156)
air

5.4 Force exerted by the air

We simply insert values into eq. 156:

(157)

1-10°x1,85-107° x 0,6 \ *° s
Fop = 0,664 x 0,4 x0,15"

287 x (273,15 + 20)
Fop = 56-10°N (158)

This force is is very much smaller than the force generated by the oil, so the air’s influence

in the viscosity measurement experiment is indeed very small.

15

6 Pickup truck with snow plow

We define a control volume moving together with the truck, as shown below. The snow

enters with velocity AN and leaves with velocity QN = Vour

coMid VRume

\,\grm SF fcrfl

— .

s

6.1 Force on blade

We want expressions for the mass flow m, as well as for the two vectors AN and m\.N.

The mass flow is found using the inlet conditions:

m = pViAy (159)
= P a\H S\mémo_vkmzoi AH@OV
30
= 400 x — x3,5x0,2 (161)
3,6
m o= 2333-10°kgs™ (162)

The outlet velocity can then be obtained:

m = pVoAr, (163)
5 = bm<m.>o:~ :m%v
V, = m (165)
2 ENN»E:
2,333 - 10°
= === (166)
600 x 0,55
V, = 7,07ms! (167)

16



The velocity vector V, is then expressed according to its two components:

<Nx

<Nk

<m z

<m z

+V,sina
7,07 x sin(60°)

+me5mL

+V,cosa
7,07 x cos(60°)

+3,54ms"!

So, we have all the necessary information about the flow:

2,333-10°kgs™
0
0 ms
+8,33
+6,12
0 ms!

+3,54

(168)
(169)
(170)

(171)
(172)
(173)

(174)

(175)

(176)

Now, applying eq. 2 from the equation sheet, we can express the net force mza on the

sSnow:

F =3 TSEA

+2 Taﬁxﬁw_

incoming
= A& - ﬁv
A\mk - <Tn
= m| Vyy -V
Voo = Viz
(+6,12) - 0
= 2,333-10° 0-0

(+3,54) - (+8,33)

17

outgoing

(177)

(178)

(179)

(180)

Foet =

The force exerted on the blade by the snow is exactly the opposite, i.e.

>

F, snow on blade

6.2 Power required of truck

The power Wirnek provided by the truck to compensate for the force is

>

“Lnet

0

+14,3

+1,429 - 10*

N

-1,12 - 10*

0 kN

-11,2

-

.

-14,3
0 kN
+11,2

§Enw = wu:mn : Snznw on ground

= - SEnrm‘:mn z

= -8,333 x (-1,12- 10%)

= 9329-10*W

§Enr = owuwwg

(approximately 120 horsepower)

6.3 Power change with

angle

(181)

(182)

(183)

(184)
(185)
(186)
(187)
(188)

The power is quantified using equation 185, in which we include eq. 179, eq. 171, and

then eq. 160:

Wiruek =

- S_\cnrm, net z

Ia\:‘coriﬁa\? - <HNV

ISE&A}& A<N cosa — <:v

- SE&A m

m
bm \wo_:

18

cos @ = Viruek

(189)
(190)
(191)

(192)



\u_ a\a gémmv }mﬂoé

= Vi cos & = Viruck (193)
bm\wc:n
P1Viruek Weweeph
= - Sncnrba\:‘cor?m:oé S\mémmu s cosa — A\.Enw Auc%v
bw\wo_:
P1 Weweeph
= Ia\m:nrkwnoé S\mémmn e T cosa - 1 (195)
bw\wo:ﬁ

In equation 195, decreasing a would:

« increase the term cos a;

+ decrease the effective width Wiy, (unless a new, larger blade is used).

Both factors tend to decrease the magnitude of Wiruek- Therefore, the power would

decrease, likely faster than a.
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